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Abstract
This volume is a short summary of talks given at the PKI2018 Workshop organized to discuss
current status and future prospects of pi −K interactions. The precise data on piK interaction will
have a strong impact on strange meson spectroscopy and form factors that are important ingredients
in the Dalitz plot analysis of a decays of heavy mesons as well as precision measurement of Vus
matrix element and therefore on a test of unitarity in the first raw of the CKM matrix. The workshop
has combined the efforts of experimentalists, Lattice QCD, and phenomenology communities.
Experimental data relevant to the topic of the workshop were presented from the broad range of
different collaborations like CLAS, GlueX, COMPASS, BaBar, BELLE, BESIII, VEPP-2000, and
LHCb. One of the main goals of this workshop was to outline a need for a new high intensity and
high precision secondary KL beam facility at JLab produced with the 12 GeV electron beam of
CEBAF accelerator.
This workshop is a successor of the workshops Physics with Neutral Kaon Beam at JLab [1] held
at JLab, February, 2016; Excited Hyperons in QCD Thermodynamics at Freeze-Out [2] held at
JLab, November, 2016; New Opportunities with High-Intensity Photon Sources [3] held at CUA,
February, 2017. Further details about the PKI2018 Workshop can be found on the web page of the
conference: http://www.jlab.org/conferences/pki2018/ .
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1 Preface
1. From February 14-15, 2018, the Thomas Jefferson Laboratory in Newport News, Virginia
hosted the PKI2018, an international workshop to explore the physics potential to investigate
pi-K interactions. This was the fourth of a series of workshops held to establish a neutral kaon
beam facility at JLab Hall D with a neutral kaon flux which will be three orders of magnitude
higher than was available at SLAC. This facility will enable scattering experiments of KL
off both proton and neutron (for the first time) targets in order to measure differential cross
section distributions with the GlueX detector.
The combination of data from this facility with the self-analyzing power of strange hyperons
will enable precise partial-wave analyses (PWA) in order to determine dozens of predicted
Λ∗, Σ∗, Ξ∗, and Ω∗ resonances up to 2.5 GeV. Furthermore, the KLF will enable strange
meson spectroscopy by studies of the pi-K interaction to locate pole positions in the I = 1/2
and 3/2 channels. Detailed study of pi-K system with PWA will allow to observe and measure
quantum numbers of missing kaon states, which in turn will also impact Dalitz plot analyses
of heavy meson decays, as well as tau-lepton decay the with pi-K in the final state.
The program of the workshop had special emphasis on topics connected to the proposed
KLF experiments. A detailed description of the workshop, including the scientific program,
can be found on the workshop web page, https://www.jlab.org/conferences/pki2018/.
The talks presented at this workshop were grouped into the following categories:
(a) The KL Facility at JLab,
(b) Lattice QCD approaches to pi-K interactions,
(c) Results from Chiral Effective Theories
(d) Results from Dispersion Relations
(e) pi-K formfactor and heavy meson and tau decay
(f) Hadron Spectroscopy at GlueX, CLAS, CLAS12, BaBar, and COMPASS
2. Acknowledgments
The workshop would not have been possible without dedicated work of many people. First,
we would like to thank the service group and the staff of JLab for all their efforts. We
would like to thank JLab management, especially Robert McKeown for their help and en-
couragement to organize this workshop. Financial support was provided by the JLab, Jülich
Forschungszentrum, The George Washington and Old Dominion universities.
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Wednesday, February 14, 2018
8:15am - 8:45am: Registration and coffee
Session 1: Chair: Rolf Ent / Secretary: Stuart Fegan
8:45am - 9:00am: Welcome and Introductory Remarks – Jianwei Qiu (JLab)
9:00am - 9:25am: KL Facility at JLab – Moskov Amaryan (ODU)
9:25am - 9:50am: Kaon-pion scattering from lattice QCD – Colin Morningstar (CMU)
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U.)
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Session 3: Chair: Curtis Meyer / Secretary: Torry Roak
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4:35pm - 5:00pm: Strange meson spectroscopy at CLAS and CLAS12 – Alessandra Filippi (INFN
Torino)
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(Zuerich U.)
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5:25pm- 5:50pm: Dispersive determination of the pi−K scattering lengths – Jacobo Ruiz de Elvira
(Bern U.)
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3:00pm - 3:30pm: A determination of the pion-kion scattering length from 2+1 flavor lattice QCD
– Daniel Mohler (Helmholtz-Inst. Mainz)
3:30pm - 4:10pm: Coffee break
Session 8: Chair: Bachir Moussallam / Secretary: Nilanga Wickramaarachch
4:10pm - 4:35pm: Strangeness-changing scalar form factor from scattering data and CHPT –
Michael Döring (GW/JLab)
4:35pm - 4:50pm: Closing Remarks – Bachir Moussallam (Paris-Sud U.)
4:50pm: Closing
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3 Summaries of Talks
3.1 Secondary K0L Beam Facility at JLab for Strange Hadron Spectroscopy
Moskov Amaryan
Department of Physics
Old Dominion University
Norfolk, VA 23529, U.S.A.
Abstract
In this talk, I discuss the photoproduction of a secondary K0L beam at JLab to be used with
the GlueX detector in Hall-D for a strange hadron spectroscopy.
It is comforting to reflect that the disproportion
of things in the world seems to be only arithmetical.
Franz Kafka
1. Introduction
Current status of our knowledge about the strange hyperons and mesons is far from being
satisfactory. One of the main reasons for this is that first of all dozens of strange hadron
states predicted by Constituent Quark Model (CQM) and more recently by Lattice QCD
calculations are still not observed. The detailed discussions about the missing hyperons per
se and in particular their connection to thermodynamics of the Early Universe at freeze-out
were performed respectively in a three preceding workshops [1–3]. Topics discussed in these
workshops were significant part of the proposal submitted to the JLab PAC45 [4].
This is a fourth workshop in this series devoted to the physics program related to the strange
meson states and pi − K interactions. As it has been summarized in all four workshops
it is not only the disproportion between the number of currently observed and CQM and
LQCD predicted states that makes experimental studies of the strange quark sector to be of
high priority. These experiments are crucially important to understand QCD at perturbative
domain and the dynamics of strange hadron production using hadronic beam with the strange
quark in the projectile.
Many aspects of pi − K interactions and their impact on different important problems in
particle physics have been discussed in this workshop.
Below we describe conceptually the main steps needed to produce intensive KL beam. We
discuss momentum resolution of the beam using time-of-flight technique, as well as the
ratio of KL over neutrons as a function of their momenta simulated based on well known
production processes. In some examples the quality of expected experimental data obtained
by using GlueX setup in Hall-D will be demonstrated using results of Monte Carlo studies.
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2. The K0L Beam in Hall D
In this chapter we describe photo-production of secondary K0L beam in Hall D. There are
few points that need to be decided. To produce intensive photon beam one needs to increase
radiation length of the radiator up to 10% radiation length. In a first scenario, Ee = 12 GeV
electrons produced at CEBAF will scatter in a radiator in the tagger vault, generating in-
tensive beam of bremsstrahlung photons. This may will then require removal of all tagger
counters and electronics and very careful design of radiation shielding, which is very hard to
optimize and design.
In a second scenario. one may use Compact Photon Source design (for more details see
a talk by Degtiarenko in Ref. [1]) installed after the tagger magnet, which will produce
bremsstrahlung photons and dump electron beam inside the source shielding the radiation
inside. At the second stage, bremsstrahlung photons interact with Be target placed on a
distance 16 m upstream of liquid hydrogen (LH2) target of GlueX experiment in Hall D
producing K0L beam. To stop photons a 30 radiation length lead absorber will be installed
in the beamline followed by a sweeping magnet to deflect the flow of charged particles.
The flux of KL on (LH2) target of GlueX experiment in Hall D will be measured with pair
spectrometer upstream the target. For details of this part of the beamline see a talk by Larin
in Ref. [1]. Momenta of KL particles will be measured using the time-of-flight between RF
signal of CEBAF and start counters surrounding LH2 target. Schematic view of beamline
is presented in Fig. 1. The bremsstrahlung photons, created by electrons at a distance about
75 m upstream, hit the Be target and produce K0L mesons along with neutrons and charged
particles. The lead absorber of∼30 radiation length is installed to absorb photons exiting Be
target. The sweeping magnet deflects any remaining charged particles (leptons or hadrons)
remaining after the absorber. The pair spectrometer will monitor the flux of K0L through the
decay rate of kaons at given distance about 10 m from Be target. The beam flux could also
be monitored by installing nuclear foil in front of pair spectrometer to measure a rate of K0S
due to regeneration process KL + p → KS + p as it was done at NINA (for a details see a
talk my Albrow at this workshop).
Figure 14: Schematic view of Hall D beamline on the way e !   ! KL. Electrons first hit
the tungsten radiator, then photons hit the Be target assembly, and finally, neutral kaons hit the
LH2/LD2 cryotarget. The main components are CPS, Be target assembly, beam plug, sweep mag-
net, and pair spectrometer. See the text for details.
and the LH2/LD2 target (located inside Hall D detector) was taken as 16 m in our calculations It
can be increased up to 20 m.
10.1.1 Compact Photon Source: Conceptual Design
An intense high-energy gamma source is a prerequisite for the production of the KL beam needed
for the new experiments described in this proposal. In 2014, Hall A Collaboration has been dis-
cussed a novel concept of a Compact Photon Source (CPS) [116]. It was developed for a Wide-
Angle Compton Experiment proposed to PAC43 [117]. Based on these ideas, we suggested (see
Ref. [118]) to use the new concept in this experiment. A possible practical implementation ad-
justed to the parameters and limitations of the available infrastructure is discussed below. The
vertical cut of the CPS model design, and the horizontal plane view of the present Tagger vault
area with CPS installed are shown in Fig. 15.
The CPS design combines in a single properly shielded assembly all elements necessary for the
production of the intense photon beam, such that the overall dimensions of the setup are limited
and the operational radiation dose rates around it are acceptable. Compared to the alternative,
the proposed CPS solution presents several advantages: much lower radiation levels, both prompt
and post-operational due to the beam line elements’ radio-activation at the vault. The new de-
26
Hall-D beamline and GlueX Setup
24m
Figure 1: Schematic view of Hall D beamline. See a text for explanation.
Here we outline experimental conditions and simulated flux of K0L based on GEANT4 and
known cross sections of underlying subprocesses [5–7].
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The expected flux of K0L mesons integrated in the range of momenta P = 0.3 − 10GeV/c
will be on the order of ∼ 104 K0L/s on the physics target of the GlueX setup under the
following conditions:
• A thickness of the radiator 10%.
• The distance between Be and LH2 targets in the range of 24 m.
• The Be target with a length L = 40 cm.
In addition, the lower repetition rate of electron beam with 64 ns spacing between bunches
will be required to have enough time to measure time-of-flight of the beam momenta and to
avoid an overlap of events produced from alternating pulses. Low repetition rate was already
successfully used by G0 experiment in Hall C at JLab [8].
The final flux of K0L is presented with 10% radiator, corresponding to maximal rate .
In the production of a beam of neutral kaons, an important factor is the rate of neutrons as a
background. As it is well known, the ratio R = Nn/NK0L is on the order 10
3 from primary
proton beams [9], the same ratio with primary electromagnetic interactions is much lower.
This is illustrated in Fig. 2, which presents the rate of kaons and neutrons as a function of
the momentum, which resembles similar behavior as it was measured at SLAC [10].
1
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Figure 2: The rate of neutrons (open symbols) and K0L (full squares) on LH2 target of Hall D as a
function of their momenta simulated with different MC generators with 104K0L/sec.
Shielding of the low energy neutrons in the collimator cave and flux of neutrons has been
estimated to be affordable, however detailed simulations are under way to show the level of
radiation along the beamline.
Th response of GlueX setup, reconstruction efficiency and resolution are presented in a talk
by Taylor in Ref. [1].
3. Expected Rates
In this section, we discuss expected rates of events for some selected reactions. The pro-
duction of Ξ hyperons has been measured only with charged kaons with very low statistical
7
precision and never with primary K0L beam. In Fig. 3, panel (a) shows existing data for the
octet ground state Ξ’s with theoretical model predictions for W (the reaction center of mass
energy) distribution, panel (b) shows the same model prediction [11] presented with expected
experimental points and statistical error for 10 days of running with our proposed setup with
a beam intensity 2×103 KL/sec using missing mass of K+ in the reaction K0L +p→ K+Ξ0
without detection of any of decay products of Ξ0 (for more details on this topic see a talk by
Nakayama in Ref. [1]).
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FIG. 4. (Color online) Total cross section results with individual resonances switched off (a) for K− + p→ K+ + Ξ− and (b)
for K− + p → K0 + Ξ0. The blue lines represent the full result shown in Figs. 2 and 3. The red dashed lines, which almost
coincide with the blue lines represent the result with Λ(1890) switched off. The green dash-dotted lines represent the result
with Σ(2030) switched off and the magenta dash-dash-dotted lines represent the result with Σ(2250)5/2− switched off.
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FIG. 5. (Color online) Kaon angular distributions in the center-of-mass frame (a) for K− + p → K+ + Ξ− and (b) for
K− + p → K0 + Ξ0. The blue lines represent the full model results. The red dashed lines show the combined Λ hyperons
contribution. The magenta dash-dotted lines show the combined Σ hyperons contribution. The green dash-dash-dotted line
corresponds to the contact term. The numbers in the upper right corners correspond to the centroid total energy of the system
W . Note the different scales used. The experimental data (black circles) are the digitized version as quoted in Ref. [50] from the
original work of Refs. [31–34, 36, 37] for the K−+p→ K++Ξ− reaction and of Ref. [30, 36, 37, 40] for the K−+p→ K0+Ξ0
reaction.
p → K+ + Ξ− and K− + p → K0 + Ξ0 are shown in
Figs. 5(a) and 5(b), respectively, in the energy domain up
to W = 2.8 GeV for the former and up to W = 2.5 GeV
for the latter reaction. Overall, the model reproduces
the data quite well. There seem to be some discrepancies
for energies W = 2.33 to 2.48 GeV in the charged Ξ−
production. Our model underpredicts the yield around
cos θ = 0. As in the total cross sections, the data for the
neutral Ξ0 production are fewer and less accurate than
for the charged Ξ− production. In particular, the Ξ0
production data at W = 2.15 GeV seems incompatible
with those at nearby lower energies and that the present
model is unable to reproduce the observed shape at back-
ward angles. It is clear from Figs. 5(a) and 5(b) that the
charged channel shows a backward peaked angular dis-
tributions, while the neutral channel shows enhancement
for both backward and forward scattering angles (more
symmetric around cos θ = 0) for all but perhaps the high-
Cascade production on proton with K beam 
Estimated measurement 
for 10 days exposition 
Existing measurements in 
charged channels 
(b)
Figure 3: (a) Cross section for existing world data on K− + p → K+Ξ− reaction with model
predictions from Ref. [11]; (b) expected statistical precision for the reaction K0L + p → K+Ξ0 in
10 days of running with a beam intensity 2× 103KL/sec overlaid on theoretical prediction [11].
The physics of excited hyperons is not well explored, remaining essentially at the pioneering
stages of ’70s-’80s. This is especially true for Ξ∗(S = −2) and Ω∗(S = −3) hyperons.
For example, the SU(3) flavor symmetry allows as many S = −2 baryon resonances, as
there are N and ∆ resonances combined (≈ 7); however, until now only three [ground state
Ξ(1382)1/2+, Ξ(1538)3/2+, and Ξ(1820)3/2−] have their quantum numbers assigned and
few more states have been observed [12]. The status of Ξ baryons is summarized in a table
presented in Fig. 4 together with the quark model predicted states [13].
Historically the Ξ∗ states were intensively searched for mainly in bubble chamber experi-
ments using the K−p reaction in ’60s-’70s. The cross section was estimated to be on the
order of 1-10 µb at the beam momenta up to 10 GeV/c. In ’80s-’90s, the mass or width
of ground and some of excited states were measured with a spectrometer in the CERN hy-
peron beam experiment. Few experiments have studied cascade baryons with the missing
mass technique. In 1983, the production of Ξ∗ resonances up to 2.5 GeV were reported
from p( −, K+) reaction from the measurement of the missing mass of K+ [14]. The ex-
perimental situation with Ω−∗’s is even worse than the Ξ∗ cas , there re very few data for
excited st tes. The main rea n for such a scarce datas t in multi strange hyperon domain
is mainly due to very low cross section in indirect production with pion or in particular-
photon beams. Currently only ground state Ω− quantum numbers are identified. Recently
significant progress is made in lattice QCD calculations of excited baryon states [15, 16]
which poses a challenge to experiments to map out all predicted states (for more details see
a talk by Richards at this workshop). The advantage of baryons containing one or more
8
3and Karl [3]. The 12 excited states were predicted up to 2 GeV/c2, whereas only ⌅(1820) is identified as JP = 3/2 
state with three stars.
FIG. 1. Black bars: Predicted ⌅ spectrum based on the quark model calculation [3]. Colored bars: Observed states. The two
ground states and ⌅(1820) are shown in the column of JP = 1/2+, 2/3 , respectively. Other unknown JP states are plotted in
the rightest column. The number represents the mass and the size of the box corresponds to the width of each state.
Recently it is pointed out that there are two distinct excitation modes when a baryon contains one heavy flavor
inside, and the separation of these two modes possibly good enough even at the strange quark mass [4]. Baryons
which contain single (Qqq) and double (QQq) strange and/or charm flavors might be understood as a “dual” system
based on the spatial parametrization concerning a diquark contribution of (qq) and (QQ). In this sense, it should be
noted that cascades and charmed baryons are expected to be closely related.
The ⌅⇤ states were intensively searched for mainly in bubble chamber experiments using the K p reaction in ’60s  
’70s. The cross section was estimated to be an order of 1   10 µb at the beam momentum up to ⇠10 GeV/c. In ’80s
  ’90s, the mass or width of ground or some excited states were measured with a spectrometer in the CERN hyperon
beam experiment. There has been a few experiments to study cascade baryons with the missing mass technique. In
1983, the production of ⌅⇤ resonances up to 2.5 GeV/c2 were reported from the missing mass measurement of the
p(K ,K+) reaction, using multi-particle spectrometer at the Brookhaven National Laboratory [5]. Figure 2 shows
squared missing mass spectra of p(K ,K+) reaction. With ten times intense kaon beam combined with 5   10
times better resolution, each sates is expected to be clearly stated even without tagging any decay particles in the
p(K ,K+) reaction.
II. THE PHYSICS CASE
The physics case and experimental method are reviewed in the following.
Figure 4: Black bars: Predicted Ξ spectrum based on the quark model calculation [13]. Colored
bars: Observed states. The two ground octet and decuplet states together with Ξ(1820) in he
column JP = 3/2− are shown in red color. Other observed states with unidentified spin-parity are
plotted in the rightest column.
strange quarks for lattice calculations is that then number of open decay channels is in gen-
e al smaller than for baryons comprising only the light u and d quarks. Moreover, lattice
calculations show that there are many states with strong gluonic content in positive parity
sector for all baryons. The reason why hybrid baryons have not attracted the same atten-
tion as hybrid mesons is mainly due t the fact hat they lack manifest “exotic" character.
Although it is difficult to distinguish hybrid baryon states, there is significant theoretical in-
sight to be gained from studying spectra of excited baryons, particularly in a framework that
can simultaneously calculate properties of hybrid mesons. Therefore this program will be
very much complementary to the GlueX physics program of hybrid mesons.
The proposed experiment with a beam intensity 104KL/sec will result in about 2× 105 Ξ∗’s
and 4× 103 Ω∗’s per month.
A similar program for KN scattering is under development at J-PARC with charged kaon
beams. The current maximum momentum of secondary beamline of 2 GeV/c is available at
the K1.8 beamline. The beam momentum of 2 GeV/c corresponds to
√
s=2.2 GeV in the
K−p reaction which is not enough to generate even the first excited Ξ∗ state predicted in the
quark model. However, there are plans to create high energy beamline in the momentum
range 5-15 GeV/c to be used with the spectrometer commonly used with the J-PARC P50
experiment which will lead to expected yield of (3− 4)× 105 Ξ∗’s and 103 Ω∗’s per month.
Statistical power of proposed experiment with KL beam at JLab will be of the same order as
that in J-PARC with charged kaon beam.
An experimental program with kaon beams will be much richer and allows to perform a
complete experiment using polarized target and measuring recoil polarization of hyperons.
This studies are under way to find an optimal solution for the GlueX setup.
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The strange meson spectroscopy is another important subject for KL Facility at JLab. The
high intensity KL beam will allow to study final state K−pi system. In particluar to perform
phase shift analysis for different partial-waves, which may have significant imact to all sys-
tems having K − pi in the final state. This includes heavy D- and B-meson decays as well
as τ → Kpiντ decay.
4. Summary
In summary we intend to propose production of high intensity KL beam using photopro-
duction processes from a secondary Be target. A flux as high as ∼ 104KL/sec could be
achieved. Momenta of KL beam particles will be measured with time-of-flight. The flux of
kaon beam will be measured through partial detection of pi+pi− decay products from their
decay to pi+pi−pi0 by exploiting similar procedure used by LASS experiment at SLAC [10].
Besides using unpolarized liquid hydrogen target currently installed in GlueX experiment
the unpolarized deuteron target may be installed. Additional studies are needed to find an
optimal choice of polarized targets. This proposal will allow to measure KN scattering
with different final states including production of strange and multi strange baryons with un-
precedented statistical precision to test QCD in non perturbative domain. It has a potential
to distinguish between different quark models and test lattice QCD predictions for excited
baryon states with strong hybrid content. It will also be used to study pi − K interactions,
which is the topic of the current workshop.
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3.2 Kaon-pion Scattering from Lattice QCD
Colin Morningstar
Carnegie Mellon University
Pittsburgh, PA 15213, U.S.A.
Abstract
Recent progress in determining scattering phase shifts, and hence, resonance properties
from lattice QCD in large volumes with nearly realistic pion masses is presented. A crucial
ingredient in carrying out such calculations in large volumes is estimating quark propagation
using the stochastic LapH method. The elastic I = 1/2, S- and P -wave kaon-pion scattering
amplitudes are calculated using an ensemble of anisotropic lattice QCD gauge field configu-
rations with Nf = 2 + 1 flavors of dynamical Wilson-clover fermions at mpi = 240 MeV.
The P -wave amplitude is well described by a Breit-Wigner shape with parameters which are
insensitive to the inclusion of D-wave mixing and variation of the S-wave parametrization.
1. A key goal in lattice QCD is the determination of the spectrum of hadronic resonances from
first principles. One of the best methods of computing the masses and other properties of
hadrons from QCD involves estimating the QCD path integrals using Markov-chain Monte
Carlo methods, which requires formulating the theory on a space-time lattice. Such calcula-
tions are necessarily carried out in finite volume. However, most of the excited hadrons we
seek to study are unstable resonances. Fortunately, it is possible to deduce the masses and
widths of resonances from the spectrum determined in finite volume. The method we use is
described in Ref. [1] and the references contained therein.
To study low-lying resonances in lattice QCD, we first use lattice QCD methods to calcu-
late the interacting two-particle lab-frame energies E in a spatial L3 volume with periodic
boundary conditions. Our stationary states have total momentum P = (2pi/L)d, where d
is a vector of integers. We boost the lab-frame energies to the center-of-momentum frame
using
Ecm =
√
E2 − P 2, γ = E
Ecm
. (1)
Assuming there are Nd channels with particle masses m1a,m2a and spins s1a, s2a of particle
1 and 2 for each decay channel, we can define
q2cm,a =
1
4
E2cm −
1
2
(m21a +m
2
2a) +
(m21a −m22a)2
4E2cm
, (2)
u2a =
L2q2cm,a
(2pi)2
, sa =
(
1 +
(m21a −m22a)
E2cm
)
. (3)
The relationship between the finite-volume energies E and the scattering matrixS is given
by
det[1 + F (P )(S − 1)] = 0, (4)
where the F -matrix in the JLSa basis states is given by
〈J ′mJ ′L′S ′a′|F (P )|JmJLSa〉 = δa′aδS′S 1
2
{
δJ ′JδmJ′mJ δL′L
+〈J ′mJ ′|L′mL′SmS〉〈LmLSmS|JmJ〉W (P a)L′mL′ ; LmL
}
, (5)
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and where J, J ′ indicate total angular momenta, L,L′ are orbital angular momenta, S, S ′ are
intrinsic spins, and a, a′ denote all other identifying information, such as decay channel. The
W -matrix is given by
−iW (P a)L′mL′ ; LmL =
L′+L∑
l=|L′−L|
l∑
m=−l
Zlm(sa, γ, u2a)
pi3/2γul+1a
√
(2L′ + 1)(2l + 1)
(2L+ 1)
×〈L′0, l0|L0〉〈L′mL′ , lm|LmL〉, (6)
and the Rummukainen-Gottlieb-Lüscher (RGL) shifted zeta functions Zlm are evaluated us-
ing
Zlm(s, γ, u2) =
∑
n∈Z3
Ylm(z)
(z2 − u2)e
−Λ(z2−u2) + δl0
γpi√
Λ
F0(Λu
2)
+
ilγ
Λl+1/2
∫ 1
0
dt
(pi
t
)l+3/2
eΛtu
2
∑
n∈Z3
n6=0
epiin·sYlm(w) e−pi2w2/(tΛ) (7)
where
z = n− γ−1[1
2
+ (γ − 1)s−2n · s]s, (8)
w = n− (1− γ)s−2s · ns, Ylm(x) = |x|l Ylm(x̂) (9)
F0(x) = −1 + 1
2
∫ 1
0
dt
etx − 1
t3/2
. (10)
We choose Λ ≈ 1 for fast convergence of the summation, and the integral in Eq. (7) is done
using Gauss-Legendre quadrature. F0(x) given in terms of the Dawson or erf function.
The quantization condition in Eq. (4) relates a single energy E to the entire S-matrix. This
equation cannot be solved for S, except in the case of a single channel and single partial
wave. To proceed, we approximate the S-matrix using functions depending on a handful
of fit parameters, then obtain estimates of these parameters using fits involving as many
energies as possible. It is easier to parametrize a Hermitian matrix than a unitary matrix, so
we use the K-matrix defined as usual by
S = (1 + iK)(1− iK)−1 = (1− iK)−1(1 + iK). (11)
The Hermiticity of the K-matrix ensures the unitarity of the S-matrix. With time reversal
invariance, the K-matrix must be real and symmetric. The multichannel effective range
expansion suggests writing
K−1L′S′a′; LSa(E) = u
−L′− 1
2
a′ K˜
−1
L′S′a′; LSa(Ecm) u
−L− 1
2
a (12)
since K˜−1L′S′a′; LSa(Ecm) should behave smoothly with Ecm, then the quantization condition
can be written
det(1−B(P )K˜) = det(1− K˜B(P )) = 0, (13)
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where we define the important box matrix by
〈J ′mJ ′L′S ′a′| B(P ) |JmJLSa〉 = −iδa′aδS′S uL′+L+1a W (P a)L′mL′ ; LmL
×〈J ′mJ ′|L′mL′ , SmS〉〈LmL, SmS|JmJ〉. (14)
The box matrix is Hermitian for u2a real. The quantization condition can also be expressed
as
det(K˜−1 −B(P )) = 0, (15)
and the determinants in Eqs. (13) and (15) are real.
The quantization condition involves a determinant of an infinite matrix. To make such deter-
minants practical for use, we first transform to a block-diagonal basis, and then truncate in
orbital angular momentum. For a symmetry operation G, define theunitary matrix
〈J ′mJ ′L′S ′a′| Q(G) |JmJLSa〉 =
{
δJ ′JδL′LδS′Sδa′aD
(J)
mJ′mJ (R), (G = R),
δJ ′JδmJ′mJ δL′LδS′Sδa′a(−1)L, (G = Is),
(16)
where D(J)m′m(R) are the Wigner rotation matrices, R is an ordinary rotation, and Is is spatial
inversion. One can show that the box matrix satisfies
B(GP ) = Q(G) B(P ) Q(G)†. (17)
If G is in the little group of P , then GP = P , Gsa = sa and
[B(P ), Q(G)] = 0, (G in little group of P ). (18)
This means we can use the eigenvectors of Q(G) to block diagonalize B(P ). The block-
diagonal basis can be expressed using
|ΛλnJLSa〉 =
∑
mJ
cJ(−1)
L; Λλn
mJ
|JmJLSa〉 (19)
for little group irrep Λ, irrep row λ, and occurrence index n. The transformation coefficients
depend on J and (−1)L, but not on S, a. Essentially, the transformation replaces mJ by
(Λ, λ, n). Group theoretical projections with Gram-Schmidt are used to obtain the basis
expansion coefficients. In this block-diagonal basis, the box matrix has the form
〈Λ′λ′n′J ′L′S ′a′| B(P ) |ΛλnJLSa〉 = δΛ′Λδλ′λδS′Sδa′a B(PΛBSa)J ′L′n′; JLn(Ecm), (20)
and the K˜-matrix for (−1)L+L′ = 1 has the form
〈Λ′λ′n′J ′L′S ′a′| K˜ |ΛλnJLSa〉 = δΛ′Λδλ′λδn′nδJ ′J K(J)L′S′a′; LSa(Ecm). (21)
Λ is the irrep for the K-matrix, but we need ΛB for the box matrix. When ηP1aη
P
2a = 1, then
ΛB = Λ, but they differ slightly when ηP1aη
P
2a = −1.
Using a large set of single- and two-hadron operators, as described in Ref. [2], for several
different total momenta, we have evaluated a large number of energies in the isodoublet I =
14
Figure 1: Center-of-momentum energies over the pion mass in the isodoublet strange mesonic
sector for a 323 × 256 anisotropic lattice with mpi ∼ 240 MeV. Each irrep is located in one col-
umn, where the energy ratios are shown in the upper panel with a vertical thickness showing the
statistical error. The solid horizontal lines should the two-hadron noninteracting energies, and the
gray dashed lines show relevant thresholds. The corresponding columns in the lower panel indicate
overlaps of each interpolating operator onto the finite-volume Hamiltonian eigenstates.
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Table 1: Best-fit results for various parameters related to the K∗(892) calculations.
Fit s-wave par. mK∗/mpi gK∗Kpi mpia0 χ2/d.o.f.
(1a,1b) LIN 3.819(20) 5.54(25) −0.333(31) (1.04,–)
2 LIN 3.810(18) 5.30(19) −0.349(25) 1.49
3 QUAD 3.810(18) 5.31(19) −0.350(25) 1.47
4 ERE 3.809(17) 5.31(20) −0.351(24) 1.47
5 BW 3.808(18) 5.33(20) −0.353(25) 1.42
6 BW 3.810(17) 5.33(20) −0.354(25) 1.50
1
2
strange S = 1 mesonic sector [3]. We used an anisotropic 323×256 lattice with a pion mass
mpi ∼ 240 MeV. The determinations of these energies are possible since we use the stochastic
LapH method [4] to estimate all quark propagation. The center-of-momentum energies over
the pion mass are shown in Fig. 1. Horizontal lines indicates the non-interacting two-hadron
energies, and the dashed lines show the Kpi, Kpipi, and Kη thresholds. Operator overlaps
are shown in the lower panel of the figure.
To extract the resonance properties of the K∗(892), we included the L = 0, 1, 2 partial
waves. The fit forms used for the P and D partial waves were
(K˜−1)11 =
6piEcm
g2K∗pipimpi
(
m2K∗
m2pi
− E
2
cm
m2pi
)
, (K˜−1)22 =
−1
m5pia2
, (22)
and for the S-wave, several different forms were tried:
(K˜−1)lin00 = al + blEcm, (23)
(K˜−1)quad00 = aq + bqE
2
cm, (24)
(K˜−1)ERE00 =
−1
mpia0
+
mpir0
2
q2cm
m2pi
, (25)
(K˜−1)BW00 =
(
m2K∗0
m2pi
− E
2
cm
m2pi
)
6pimpiEcm
g2K∗0pipim
2
K∗0
. (26)
A summary of our fit results is presented in Table 1. Our determinations of the partial-
wave scattering phase shifts are shown in Fig. 2. We found that the qq operators in the
A1g(0) channel overlap many of the eigenvectors in this channel. Better energy resolution is
needed for a determination of the K∗0(800) parameters, which will be done in the future, but
an NLO effective range parametrization finds mR/mpi = 4.66(13) − 0.87(18)i, consistent
with a Breit-Wigner fit. In Ref. [3], our results are compared to the few other recent lattice
results [5–7] that are available. See also Ref. [8].
We have also recently determined the decay width of the ρ-meson, including L = 1, 3, 5
partial waves [9], as well as the ∆ baryon [10].
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Figure 2: (Left) Our determination of the P -wave I = 1
2
Kpi scattering phase shift δ1 and q3cm cot δ1
using a 323 × 256 anisotropic lattice with mpi ∼ 240 MeV. (Right) Our calculations of the S-wave
scattering phase shift δ0 (quadratic fit) and qcm cot δ0. Results are from Ref. [3].
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3.3 K-pi Scattering with KL Beam Facility
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Abstract
In this talk, I discuss the importance of the Kpi scattering amplitude analysis, its impact
on other physics studies and the possible related elements that need to be improved. Finally I
discuss the feasibility of performing a Kpi amplitude scattering analysis within KLF.
1. Introduction
TheKL Beam Facility can offer a good opportunity to study the kaon-pion interaction exper-
imentally, by producing the final stateKpi using the scattering of a neutral kaon off proton or
neutron as KLN → [Kpi]N ′. The analysis of the kaon-pion interaction experimentally has
several implication on the imperfect phenomenological studies, as the test of the Chiral Per-
turbation Theory, Strange Meson Spectroscopy and Physics beyond Standard Model. These
phenomenological studies require more data to improve the precision on the observable of
interest. So far, the main experimental data used to study kaon-pion scattering at low energy
comes from kaon beam experiments at SLAC in the 1970s and 1980s.
2. Chiral Perturbation Theory
In Quantum Chromodynamics (QCD), the strong interaction coupling constant increases
with decreasing energy. This means that the coupling becomes large at low energies, and
one can no longer rely on perturbation theory. Few phenomenological approaches can be
used at this energy level, as Lattice QCD or the Chiral Perturbation Theory (ChPT) [1].
The purpose of the ChPT is to use an effective Lagrangian where the mesons pi, η, and K,
called also Goldstone Bosons, are the fundamental degrees of freedom. The ChPT studies
on on the pipi scattering amplitude shows a good agreement with the experimental studies
(e.g., see reference [2]). However, this theory is less successful with the Kpi scattering
amplitude [3–9], and so far no accurate experimental data is available at low energy.
3. Strange Meson Spectroscopy
Hadron Spectroscopy plays an important role to understand QCD in the non perturbative
domain by performing a quantitative understanding of quark and gluon confinement, and
validate Lattice QCD prediction. In the last years, an important number of resonances have
been identified, especially resonances with heavy flavored quark. However, the sector of
strange baryons and mesons was not significantly improved and several estimated states by
lattice QCD and quark model still not yet observed. Moreover, the identification of the
scalar strange light mesons, as κ and K∗0(1430), still a long-standing puzzle because of their
large decay width that causes an overlap between resonances at low Lorentz-invariant mass.
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The indications on the presence of κ resonance have been reported based on the data of
the E791 [10] and BES [11] Collaborations and several phenomenological studies [12–14]
have been made to measure the pole of κ resonance. However, the results from Roy-Steiner
dispersive representation [12] not in good agreement with low energy experimental data, and
the confirmation of this pole in the amplitude for elastic Kpi scattering requires more data
at low energy. The K∗0(1430) is the second scalar strange resonance which is also not well
understood. And recently the Kpi S-wave amplitude extracted from ηc → KKpi [15] found
to be very different with respect to the amplitude measured by LASS and E791. Fig 1, taken
from the reference [15], shows the comparison of the amplitude extracted from ηc → KKpi,
Kp→ Kpin and D → KKpi.
The light strange scalar mesons can be produced inKN scattering, and more data from these
type of reactions will certainly improve the understanding of the non well identified strange
resonances.
Figure 1: Figure taken from ref [15]: The I=1/2 Kpi S-wave amplitude measurements from ηc →
KKpi compared to the (a) LASS and (b) E791 results: the corresponding I=1/2 Kpi S-wave phase
measurements compared to the (c) LASS and (d) E791 measurements. Black dots indicate the
results from the present analysis; square (red) points indicate the LASS or E791 results. The
LASS data are plotted in the region having only one solution.
4. Kpi Scattering Amplitude and Physics Beyond Standard Model
The determination of the CKM matrix elements Vus is mainly performed using τ or kaon
decays. As an example, the Vus matrix element is accessible from the Kl3 decays using the
braching ratio function
Γ(K → pilν) ∝ N |Vus|2|fKpi+ (0)|2I lK , (1)
where
IK =
∫
dt
1
m8K
λ3/2F (f˜+(t), f˜0(t)). (2)
20
In this function fKpi0 and f
Kpi
+ represent the form factors of the strangeness changing scalar
and vector, respectively. These form factors in the low energy region, can be obtained from
Lattice QCD or from the study of the Kpi scattering using dispersion relation analysis [16].
The precision on Vus depends strongly on the precision of these strangeness changing form
factors. And by improving the precision of Vus one can probe the physics beyond the stan-
dard model indirectly thanks to the unitarity of the CKM matrix
|Vud|2 + |Vus|2 + |Vub|2 = 1. (3)
Therefore, any shift from unitarity is a sign of physics beyond Standard Model. Fig 2 shows
the fit to the different CKM elements involved in the unitarity equation.
Figure 2: Figure taken from Ref. [17]: Results of fits to |Vus|, |Vus|, and |Vud/Vus|.
5. Kaon-Production and GlueX Detector
The hadroproduction of the Kpi system has been intensively studied with charged Kaon
beam [18–22]. However, few studies have been made using a neutral kaon beam. The pro-
duction mechanism of the Kpi system with charged kaon beam is proportional to the mech-
anism with neutral kaon, the main difference related to the Clebsch-Gordan coefficients. In
LASS analysis [18], theKpi production mechanism is parametrized using a model consisting
of exchange degenerate Regge poles together with non-evasive “cut" contributions. These
parameterization was extrapolated to the neutral kaon beam and used in the simulation of
KLp→ [Kpi]0p in KLF where the reconstruction of the events is made by GlueX spectrom-
eter. The GlueX spectrometer is built in Hall D at JLab and using photon beam scattering
off proton to provide critical data needed to address one of the outstanding and fundamen-
tal challenges in physics the quantitative understanding of the confinement of quarks and
gluons in QCD. The GlueX detector is azimuthally symmetric and nearly hermetic for both
charged particles and photons, which make it a relevant detector for studying Kpi scattering
amplitude. Fig 3 shows the kinematics region that can be covered by the detector using the
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Figure 3: The simulated events of the reaction KLp → [Kpi]0p projected on the plane of the
production angle (in the Lab frame) θ versus the magnitude of the momentum. The dashed region
represents the region where the GlueX detector performance of Particle Identification are low: on
the top left for the proton, on the top right for the kaon and on the bottom for the pion.
simulation of KLp → [Kpi]0p and LASS parameterization. More details about the detector
performance can be found in reference [23].
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3.4 Dalitz Plot Analysis of Three-body Charmonium Decays at BaBar
Antimo Palano (on behalf of the BaBar Collaboration)
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Bari 70125, Italy
Abstract
We present results on a Dalitz plot analysis of ηc and J/ψ decays to three-body. In particu-
lar, we report the first observation of the decay K∗0 (1430)→ Kη in the ηc decay to K+K−η.
We also report on a measurement of the I=1/2Kpi S-wave through a model independent partial
wave analysis of ηc decays to K0SK
±pi∓ and K+K−pi0. The ηc resonance is produced in two-
photon interactions. We perform the first Dalitz plot analysis of the J/ψ decay to K0SK
±pi∓
produced in the initial state radiation process.
1. Introduction
Charmonium decays can be used to obtain new information on light meson spectroscopy.
In e+e− interactions, samples of charmonium resonances can be obtained using different
processes.
• In two-photon interactions we select events in which the e+ and e− beam particles
are scattered at small angles and remain undetected. Only resonances with JPC =
0±+, 2±+, 3++, 4±+.... can be produced.
• In the Initial State Radiation (ISR) process, we reconstruct events having a (mostly un-
detected) fast forward γISR and, in this case, only JPC = 1−− states can be produced.
2. Selection of Two-Photon Production of ηc → K+K−η, ηc → K+K−pi0, and ηc →
K0SK
±pi∓
We study the reactions 1
γγ → K+K−η, γγ → K+K−pi0, γγ → K0SK±pi∓ ,
where η → γγ and η → pi+pi−pi0 [1, 2].
Two-photon candidates are reconstructed from the sample of events having the exact number
of charged tracks for that ηc decay mode. Since two-photon events balance the transverse
momentum, we require pT , the transverse momentum of the system with respect to the beam
axis, to be pT < 0.05 GeV/c for ηc → K+K−η/pi0 and pT < 0.08 GeV/c for ηc →
K0SK
±pi∓. We also define M2rec ≡ (pe+e− − prec)2, where pe+e− is the four-momentum
of the initial state and prec is the four-momentum of the three-hadrons system and remove
ISR events requiring M2rec > 10 GeV
2/c4. Figure 1 shows the K+K−η, K+K−pi0, and
K0SK
±pi∓ mass spectra where signals of ηc can be observed.
Selecting events in the ηc mass region, the Dalitz plots for the three ηc decay modes are
shown in Fig. 2. The ηc → KK¯pi Dalitz plots are dominated by the presence of horizontal
and vertical uniform bands at the position of the K∗0(1430) resonance.
1Charge conjugation is implied through all this work.
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Figure 1: (a) K+K+η, (b) K+K−pi0, and (c) K0SK
±pi∓ mass spectra. The superimposed curves
are from the fit results. In (c) the shaded area evidences definition of the signal and sidebands
regions.
Figure 2: (Left) K+K+η, (Center) K+K−pi0, and (Right) K0SK
±pi∓ Dalitz plots. The arrows
indicate the positions of the K∗0(1430) resonance.
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Figure 3: ηc → K+K−η Dalitz plot analysis. (a) K+K−, and (b) K±η squared mass projections.
Shaded is the background contribution.
The ηc signal regions contain 1161 events with (76.1±1.3)% purity for ηc → K+K−η, 6494
events with (55.2±0.6)% purity for ηc → K+K−pi0, and 12849 events with (64.3 ± 0.4)%
purity for ηc → K0SK±pi∓. The backgrounds below the ηc signals are estimated from the
sidebands. We observe asymmetricK∗’s in the background to the ηc → K0SK±pi∓ final state
due to interference between I=1 and I=0 contributions.
3. Dalitz Plot Analysis of ηc → K+K−η and ηc → K+K−pi0
We first perform unbinned maximum likelihood fits using the Isobar model [3]. Figure 3
shows the ηc → K+K−η Dalitz plot projections.
The analysis of the ηc → K+K−η decay requires significant contributions from f0(1500)η
(23.7± 7.0± 1.8)% and K∗0(1430)+K− (16.4± 4.2± 1.0)%, where K∗0(1430)+ → K+η:
a first observation of this decay mode. It is found that the ηc three-body hadronic decays
proceed almost entirely through the intermediate production of scalar meson resonances.
A similar analysis performed on the ηc → K+K−pi0 allows to obtain the corresponding
contribution from K∗0(1430)
+K− to be (33.8 ± 1.9 ± 0.4)%, where K∗0(1430)+ → K+pi0.
Combining the above information with the measurement of the ηc relative branching fraction
BR(ηc → K+K−η)
BR(ηc → K+K−pi0) = 0.571± 0.025± 0.051, (1)
we obtain
BR(K∗0(1430)→ ηK)
BR(K∗0(1430)→ piK)
= 0.092± 0.025+0.010−0.025. (2)
We perform a Likelihood scan and obtain a measurement of the K∗0(1430) parameters
m(K∗0(1430)) = 1438± 8± 4 MeV/c2, Γ(K∗0(1430)) = 210± 20± 12 MeV. (3)
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Figure 4: (Top) ηc → K0SK±pi∓ and (Bottom) ηc → K+K−pi0 Dalitz plots projections. The super-
imposed curves are from the fit results. Shaded is contribution from the interpolated background.
4. Model Independent Partial Wave Analysis of ηc → K+K−pi0 and ηc → K0SK±pi∓
We perform a Model Independent Partial Wave Analysis (MIPWA) [4] of ηc → K+K−pi0
and ηc → K0SK±pi∓. In the MIPWA theKpi mass spectrum is divided into 30 equally spaced
mass intervals 60 MeV/c2 wide and for each bin we add to the fit two new free parameters,
the amplitude and the phase of the Kpi S-wave (constant inside the bin).
We also fix the amplitude to 1.0 and its phase to pi/2 in an arbitrary interval of the mass
spectrum (bin 11 which corresponds to a mass of 1.45 GeV/c2). The number of additional
free parameters is therefore 58. Due to isospin conservation in the decays, amplitudes are
symmetrized with respect to the two Kpi decay modes. The K∗2(1420), a0(980), a0(1400),
a2(1310), ... contributions are modeled as relativistic Breit-Wigner functions multiplied by
the corresponding angular functions. Backgrounds are fitted separately and interpolated into
the ηc signal regions. The fits improves when an additional high mass a0(1950)→ KK¯, I=1
resonance, is included with free parameters in both ηc decay modes. The weighted average
of the two measurement is: m(a0(1950)) = 1931± 14± 22 MeV/c2, Γ(a0(1950)) = 271±
22±29 MeV. The statistical significances for the a0(1950) effect (including systematics) are
2.5σ for ηc → K0SK±pi∓ and 4.0σ for ηc → K+K−pi0.
The Dalitz plot projections with fit results for ηc → K0SK±pi∓ and ηc → K+K−pi0 are
shown in Fig. 4. We observe a good description of the data.
We note that the K∗(892) contributions arise entirely from background. The fitted fractions
and phases are given in Table 1. Both ηc → KK¯pi decay modes are dominated by the
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(KpiS-wave) K¯ amplitude, with significant interference effects.
Table 1: Results from the ηc → K0SK±pi∓ and ηc → K+K−pi0 MIPWA. Phases are determined
relative to the (Kpi S-wave) K¯ amplitude which is fixed to pi/2 at 1.45 GeV/c2.
ηc → K0SK±pi∓ ηc → K+K−pi0
Amplitude Fraction (%) Phase (rad) Fraction (%) Phase (rad)
(Kpi S-wave) K¯ 107.3 ± 2.6 ± 17.9 fixed 125.5 ± 2.4 ± 4.2 fixed
a0(980)pi 0.8 ± 0.5 ± 0.8 1.08 ± 0.18 ± 0.18 0.0 ± 0.1 ± 1.7 -
a0(1450)pi 0.7 ± 0.2 ± 1.4 2.63 ± 0.13 ± 0.17 1.2 ± 0.4 ± 0.7 2.90 ± 0.12 ± 0.25
a0(1950)pi 3.1 ± 0.4 ± 1.2 −1.04 ± 0.08 ± 0.77 4.4 ± 0.8 ± 0.8 −1.45 ± 0.08 ± 0.27
a2(1320)pi 0.2 ± 0.1 ± 0.1 1.85 ± 0.20 ± 0.20 0.6 ± 0.2 ± 0.3 1.75 ± 0.23 ± 0.42
K∗2 (1430)K¯ 4.7 ± 0.9 ± 1.4 4.92 ± 0.05 ± 0.10 3.0 ± 0.8 ± 4.4 5.07 ± 0.09 ± 0.30
Total 116.8 ± 2.8 ± 18.1 134.8 ± 2.7 ± 6.4
χ2/Ncells 301/254=1.17 283.2/233=1.22
We use as figure of merit describing the fit quality the 2-D χ2/Ncells on the Dalitz plot and
obtain a good description of the data with χ2/Ncells = 1.17 and χ2/Ncells = 1.22 for the two
ηc decay modes.
In comparison, the isobar model gives a worse description of the data, with χ2/Ncells =
457/254 = 1.82 and χ2/Ncells = 383/233 = 1.63, respectively for the two ηc decay modes.
The resulting Kpi S-wave amplitude and phase for the two ηc decay modes is shown in
Fig. 5. We observe a clear K∗0(1430) resonance signal with the corresponding expected
phase motion. At high mass we observe the presence of the broad K∗0(1950) contribution
with good agreement between the two ηc decay modes.
Comparing with LASS [5] and E791 [4] experiments we note that phases before the Kη′
threshold are similar, as expected from Watson theorem [6] but amplitudes are very different.
A preliminary K-matrix fit which include K−pi− → K−pi− S-wave data [7], LASS data and
ηc decays has been performed [8], obtaining a description of the data in terms of three-poles:
Pole 1 EP1 = 659 − i302 MeV on Sheet II, (4)
Pole 2 EP2 = 1409 − i128 MeV on Sheet III, (5)
Pole 3 EP3 = 1768 − i107 MeV on Sheet III. (6)
Pole 1 is identified with the κ, the pole position of which was found to be at [(658 ± 7) −
i (278± 13)] MeV, in the dispersive analysis of Ref. [9]. Pole 2 is identified with K∗0(1430),
to be compared with [(1438 ± 8 ± 4) − i (105 ± 20 ± 12)] MeV using the Breit-Wigner
form (Eq. (3)). Pole 3 may be identified with the K∗0(1950) with a pole mass closer to that
of the reanalysis of the LASS data from Ref. [10] with a pole at E = (1820 ± 20) −
i(125±50) MeV. For pole 2, theK∗0(1430), a ratio ofKη/Kpi decay rate of 0.05 is obtained,
consistent with that reported in the present analysis (Eq. (2)).
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Figure 5: The I = 1/2 Kpi S-wave amplitude (a) and phase (b) from ηc → K0SK±pi∓ (solid
(black) points) and ηc → K+K−pi0 (open (red) points); only statistical uncertainties are shown.
The dotted lines indicate the Kη and Kη′ thresholds.
5. Dalitz Plot Analysis of J/ψ → K0SK−pi∓
We study the following reaction:
e+e− → γISRK0SK±pi∓
where γISR indicate the ISR photon [11]. Candidate events for this reaction are selected from
the sample of events having exactly four charged tracks including the K0S candidate. We
compute Mrec ≡ (pe− + pe+ − pK0S − pK − ppi)2, which peaks near zero for ISR events.
We select events in the ISR region by requiring |M2rec| < 1.5 GeV 2/c4 and obtain the
K0SK
±pi∓ mass spectrum shown in Fig. 6 where a clean J/ψ signal can be observed. We
fit the K0SK
±pi∓ mass spectrum using the Monte Carlo resolution functions described by a
Crystal Ball+Gaussian function and obtain 3694 ± 64 events with 93.1 ± 0.4 purity.
Figure 7(Left) shows the Dalitz plot for the J/ψ signal region and Fig. 7(Right) shows the
Dalitz plot projections. We perform the Dalitz plot analysis of Jψ → K0SK |pmpiMP using
the isobar model and express the amplitudes in terms of Zemach tensors [12,13]. We observe
the following features:
• The decay is dominated by the K∗(892)K¯, K∗2(1430)K¯, and ρ(1450)±pi∓ amplitudes
with a smaller contribution from the K∗1(1410)K¯ amplitude.
• We obtain a significant improvement of the description of the data by leaving free the
K∗(892) mass and width parameters and obtain
m(K∗(892)+) = 895.6± 0.8 MeV/c2, Γ(K∗(892)+) = 43.6± 1.3 MeV,
m(K∗(892)0) = 898.1± 1.0 MeV/c2, Γ(K∗(892)0) = 52.6± 1.7 MeV. (7)
The measured parameters for the charged K∗(892)+ are in good agreement with those mea-
sured in τ lepton decays [14].
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Figure 6: K0SK
±pi∓ mass spectrum from ISR events.
Figure 7: (Left) Jψ → K0SK±pi∓ Dalitz plot. (Right) Dalitz plot projections with fit results for
Jψ → K0SK±pi∓. Shaded is the background interpolated from Jψ sidebands.
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Abstract
COMPASS is a multi-purpose fixed-target experiment at the CERN Super Proton Syn-
chrotron aimed at studying the structure and spectrum of hadrons. One of the main goals of the
experiment is the study of the light-meson spectrum. In diffractive reactions with a 190 GeV
negative secondary hadron beam consisting mainly of pions and kaons, a rich spectrum of
isovector and strange mesons is produced. The resonances decay typically into multi-body
final states and are extracted from the data using partial-wave analysis techniques.
We present selected results of a partial-wave analysis of the K−pi−pi+ final state based on
a data set of diffractive dissociation of a 190 GeVK− beam impinging on a proton target. This
reaction allows us to study the spectrum of strange mesons up to masses of about 2.5 GeV. We
also discuss a possible future high-intensity kaon-beam experiment at CERN.
1. Introduction
The excitation spectrum of light mesons is studied since many decades but is still not quan-
titatively understood. For higher excited meson states experimental information is often
scarce or non-existent. This is in particular true for the strange-meson sector as illustrated
by Fig. 1. The PDG [1] lists only 25 kaon states below 3.1 GeV: 12 states that are considered
well-known and established and in addition 13 states that need confirmation. Many higher
excited states that are predicted by quark-model calculation (Fig. 1 shows as an example the
one from Ref. [2]) have not yet been found by experiments. In addition, for certain combi-
nations of spin J and parity P the quark model does not describe the experimental data well.
This is most notably the case for the scalar kaon states with JP = 0+, where the K∗0(800)
seems to be a supernumerous state.
In the last 30 years, little progress has been made on the exploration of the kaon spectrum.
Since 1990, only four kaon states were added to the PDG and only one of them to the sum-
mary table. However, precise knowledge of the kaon spectrum is crucial to understand the
light-meson spectrum. In particular, the identification of supernumerous states that could be
related to new forms of matter beyond conventional quark-antiquark states—like multi-quark
states, hybrids, or glueballs—requires the observation of complete SU(3)flavor multiplets. The
kaon spectrum also enters in analyses that search for CP violation in multi-body decays of
D and B mesons, where kaon resonances appear in the subsystems of various final states.
2. Diffractive Production of Kaon Resonances
A suitable reaction to produce excited kaon states is diffractive dissociation of a high-energy
kaon beam, as it was already measured in the past by the WA3 experiment at CERN (see,
e.g., Ref. [3]) and the LASS experiment at SLAC (see, e.g., Refs. [4, 5]). In these peripheral
reactions, the beam kaon scatters softly off the target particle and is thereby excited into
intermediate states, which decay into the measured n-body hadronic final state.
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Figure 1: Strange-meson spectrum: Comparison of the measured masses of kaon resonances (col-
ored points with boxes representing the uncertainty) with the result of a quark-model calculation [2]
(black lines). States that are considered well established by the PDG [1] are shown in blue, states
that need confirmation in orange.
These reactions were also measured by the COMPASS experiment using a secondary hadron
beam provided by the M2 beam line of the CERN SPS. The beam was tuned to deliver neg-
atively charged hadrons of 190 GeV momentum passing through a pair of beam Cherenkov
detectors (CEDARs) for beam particle identification. The beam impinged on a 40 cm long
liquid-hydrogen target with an intensity of 5 × 107 particles per SPS spill (10 s extraction
with a repetition time of about 45 s). At the target, the hadronic component of the beam
consisted of 96.8% pi−, 2.4% K−, and 0.8% p¯. At the beam energy of 190 GeV, the reaction
is dominated by Pomeron exchange. Elastic scattering at the target vertex was ensured by
measuring the slow recoil proton. This leads to a minimum detectable reduced squared four-
momentum transfer t′ of about 0.07 (GeV)2. By selecting the K− component of the beam
using the CEDAR information, we have studied diffractive production of kaon resonances.
Charged kaons that appear in some of the produced forward-going final states were separated
from pions by a ring-imaging Cherenkov detector (RICH) in the momentum range between
2.5 and 50 GeV.
3. Partial-Wave Analysis ofK−pi−pi+ Final State
In the 2008 and 2009 data-taking campaigns, COMPASS acquired a large data sample on
the diffractive dissociation reaction
K− + p→ K−pi−pi+ + p. (1)
The measurement is exclusive, i.e., all four final-state particles are measured and energy-
momentum conservation constraints are applied in the event selection. In reaction (1), in-
termediate kaon resonances are produced that decay into the 3-body K−pi−pi+ final state.
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Figure 2: Kinematic distributions [7]: (Top left) distribution of the energy sum of the forward-
going particles in reaction (1), (Top right) K−pi−pi+ invariant mass distribution, (Bottom left)
K−pi+ invariant mass distribution, and (Bottom right) pi−pi+ invariant mass distribution.
A first analysis of this reaction was performed based on a data sample that corresponds to
a fraction of the available data and consists of about 270 000 events with K−pi−pi+ mass
below 2.5 GeV and in the range 0.07 < t′ < 0.7 (GeV)2 [6, 7]. This data sample is similar
in size to the one of the WA3 experiment. Fig. 2 shows selected kinematic distributions.
The distribution of the energy sum of the forward-going particles peaks at the nominal beam
energy. The non-exclusive background below the peak is small. The invariant mass distribu-
tion of the K−pi−pi+ system and that of the K−pi+ and pi−pi+ subsystems exhibit peaks that
correspond to known resonances. All three distribution are similar to the ones obtained by
WA3 [3].
As a first step towards a description of the measured K−pi−pi+ mass spectrum in terms of
kaon resonances, we performed a partial-wave analysis (PWA) using a model similar to
the one used by the ACCMOR collaboration in their analysis of the WA3 data [3]. The
PWA formalism is based on the isobar model and is described in detail in Ref. [8]. The
PWA model takes into account three K−pi+ isobars [K∗0(800), K
∗(892), and K∗2(1430)]
and three pi−pi+ isobars [f0(500), ρ(770), and f2(1270)]. Based on these isobars, a wave
set is constructed that consists of 19 waves plus an incoherent isotropic wave, which absorbs
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Figure 3: Intensities of selected waves as a function of the K−pi−pi+ mass [7]: (Top left) 1+0+
K∗(892)piS wave, (Top right) 2+1+K∗(892)piD wave, and (Bottom) 2−0+K∗2(1430)piS wave.
intensity from events with uncorrelatedK−pi−pi+, e.g., non-exclusive background. A partial-
wave amplitude is completely defined by the spin J , parity P , spin projection M ε, and the
decay path of the intermediate state. The spin projection is expressed in the reflectivity
basis [9], where M ≥ 0 and ε = ±1 is the naturality of the exchange particle. Since the
reaction is dominated by Pomeron exchange, all waves have ε = +1. We use the partial-
wave notation JPM ε[isobar]piL, where L is the orbital angular momentum between the
isobar and the third final-state particle.
Fig. 3 shows the intensity distributions of selected waves. The 1+0+K∗(892)piS wave in-
tensity exhibits two clear peaks at the positions of the K1(1270) and K1(1400). We also
see a clear peak of the K∗2(1430) in the 2
+1+K∗(892)piD wave intensity. However, there
is no clear signal from the K∗2(1980). The 2
−0+K∗2(1430)piS wave shows a broad bump in
the intensity distribution peaking slightly below 1.8 GeV that could be due to the K2(1770)
and/or K2(1820). But also contributions from K2(1580) and/or K2(2250) are not excluded.
The analysis is currently work in progress. With an improved beam particle identification
and event selection the full data sample consists of about 800 000 exclusive events, making
it the world’s larges data set of this kind. Also the PWA model will be improved by using
more realistic isobar parametrizations and parameters and by including the f0(980) as an
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Figure 4: Principle of an RF-separated beam [15]: A momentum-selected beam passes through
two RF-cavities that act as a time-of-flight selector. The first RF-cavity deflects the beam. This
deflection is cancelled or enhanced by the second RF-cavity, depending on the particle type. Hence
particles can be selected in the plane transverse to the beam by putting absorbers or collimators.
additional pi−pi+ isobar. In order to extract kaon resonances and their parameters, we will
also perform a resonance-model fit similar to the one of the pi−pi−pi+ final state in Ref. [10].
4. Possible Future Measurements with Kaon Beam
The COMPASS collaboration has submitted a proposal for a future fixed-target experiment
within in the framework of CERN’s “Physics beyond Colliders” initiative. Among other
things, we propose to perform a high-precision measurement of the kaon spectrum using
a high-energy kaon beam similar to the COMPASS measurements in 2008 and 2009. The
goal of this experiment would be to acquire a high-precision data set that is at least 10 times
larger than that of COMPASS. Such a large data set would allow us not only to search
for small signals but also to apply the novel analysis techniques that we developed for the
analysis of the COMPASS pi−pi−pi+ data sample, which consists of 46×106 events [8,10,11].
In particular, we could study in detail the amplitude of the scalar K−pi+ subsystem with
JP = 0+ in the the K−pi−pi+ final state as a function of the K−pi+ mass, the K−pi−pi+
mass, and the quantum numbers of the K−pi−pi+ system, similar to the analysis of the scalar
pi−pi+ subsystem in the pi−pi−pi+ final state in Ref. [8]. With these data, one could learn
more about the scalar kaon states. The PWA could also be performed in bins of the reduced
squared four-momentum t′ in order to extract the t′ dependence of the resonant and non-
resonant partial-wave components like it was done for the pi−pi−pi+ final state in Ref. [10].
This gives information about the production processes.
To obtain such a high-precision data set for kaon spectroscopy, the rate of beam kaons on
the target must be increased with respect to the COMPASS measurements in 2008 and 2009.
This can be achieved by increasing the kaon fraction in the beam using RF-separation tech-
niques [12,13] similar to the ones that have already been used in the past at CERN [14] (see
Fig. 4). First preliminary estimates for the M2 beam line at CERN show that a high-energy
kaon beam with a kaon rate of about 3.7× 106 s−1 seems to be feasible [15,16]. This would
correspond to about 10 to 20 × 106 K−pi−pi+ events within a year of running. However,
more detailed feasibility studies are still needed.
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3.6 Recent Belle Results Related to pi −K Interactions
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Abstract
We report the recent results related to pi−K interactions based on the data collected by the
Belle experiment at the KEKB collider. This includes the branching fraction and CP asym-
metry measurements of B+ → K+K−pi+ decay, search for the Λ+c → φppi0, Λ+c → P+s pi0
decays, branching fraction measurement of Λ+c → K−pi+ppi0, first observation of doubly
Cabibbo-suppressed decay Λ+c → K+pi−p, and the measurement of CKM angle φ3 (γ) with a
model-independent Dalitz plot analysis of B± → DK±, D → K0Spi+pi− decay.
1. Introduction
In this report, we present some recent results related to pi − K interactions based on the
data, collected by the Belle experiment at the KEKB e+e− asymmetric-energy collider [1].
(Throughout this paper charge-conjugate modes are implied.) The experiment took data at
center-of-mass energies corresponding to several Υ(nS) resonances; the total data sample
recorded exceeds 1 ab−1.
The Belle detector is a large-solid-angle magnetic spectrometer that consists of a silicon ver-
tex detector (SVD), a 50-layer central drift chamber (CDC), an array of aerogel threshold
Cherenkov counters (ACC), a barrel-like arrangement of time-of-flight scintillation coun-
ters (TOF), and an electromagnetic calorimeter comprised of CsI(Tl) crystals (ECL) located
inside a super-conducting solenoid coil that provides a 1.5 T magnetic field. An iron flux-
return located outside of the coil is instrumented to detect K0L mesons and to identify muons
(KLM). The detector is described in detail elsewhere [2, 3].
2. CP Asymmetry in B+ → K+K−pi+ Decays
In the recent years, an unidentified structure has been observed by BaBar [4] and LHCb
experiments [5, 6] in the low K+K− invariant mass spectrum of the B+ → K+K−pi+
decays. The LHCb reported a nonzero inclusiveCP asymmetry of−0.123±0.017±0.012±
0.007 and a large unquantified local CP asymmetry in the same mass region. These results
suggest that final-state interactions may contribute toCP violation [7,8]. In this analysis, we
attempt to quantify the CP asymmetry and branching fraction as a function of the K+K−
invariant mass, using 711 fb−1 of data, collected at Υ(4S) resonance [9].
The signal yield is extracted by performing a two-dimensional unbinned maximum likeli-
hood fit to the variables: the beam-energy constrained mass Mbc and the energy difference
∆E. The resulting branching fraction and CP asymmetry are
B(B+ → K+K−pi+) = (5.38± 0.40± 0.35)× 10−6,
ACP = −0.170± 0.073± 0.017,
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where the quoted uncertainties are statistical and systematic, respectively.
To investigate the localized CP asymmetry in the low K+K− invariant mass region, we
perform the 2D fit (described above) to extract the signal yield and ACP in bins of MK+K− .
The fitted results are shown in Fig. 1 and Table 1. We confirm the excess and local ACP in
the low MK+K− region, as reported by the LHCb, and quantify the differential branching
fraction in each K+K− invariant mass bin. We find a 4.8σ evidence for a negative CP
asymmetry in the region MK+K− < 1.1 GeV/c2. To understand the origin of the low-mass
dynamics, a full Dalitz analysis from experiments with a sizeable data set, such as LHCb
and Belle II, will be needed in the future.
Figure 1: Differential branching fractions (left) and measured ACP (right) as a function of MK+K− . Each
point is obtained from a two-dimensional fit with systematic uncertainty included. Red squares with error
bars in the left figure show the expected signal distribution in a three-body phase space MC. Note that the
phase space hypothesis is rescaled to the total observed K+K−pi+ signal yield.
Table 1: Differential branching fraction, and ACP for individual MK+K− bins. The first uncertainties are
statistical and the second systematic.
MK+K− dB/dM(×10−7) ACP
0.8–1.1 14.0± 2.7± 0.8 −0.90± 0.17± 0.04
1.1–1.5 37.8± 3.8± 1.9 −0.16± 0.10± 0.01
1.5–2.5 10.0± 2.3± 1.7 −0.15± 0.23± 0.03
2.5–3.5 10.0± 1.6± 0.6 −0.09± 0.16± 0.01
3.5–5.3 8.1± 1.2± 0.5 −0.05± 0.15± 0.01
3. Search for Λ+c → φppi0 and Branching Fraction Measurement of Λ+c → K−pi+ppi0
The story of exotic hadron spectroscopy begins with the discovery of the X(3872) by the
Belle collaboration in 2003 [10]. Since then, many exotic XYZ states have been reported
by Belle and other experiments [11]. Recent observations of two hidden-charm pentaquark
states P+c (4380) and P
+
c (4450) by the LHCb collaboration in the J/ψp invariant mass spec-
trum of the Λ0b → J/ψpK− process [12] raises the question of whether a hidden-strangeness
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pentaquark P+s , where the cc¯ pair in P
+
c is replaced by an ss¯ pair, exists [13–15]. The
strange-flavor analogue of the P+c discovery channel is the decay Λ
+
c → φppi0 [14, 15],
shown in Fig. 2 (a). The detection of a hidden-strangeness pentaquark could be possible
through the φp invariant mass spectrum within this channel [see Fig. 2 (b)] if the underlying
mechanism creating the P+c states also holds for P
+
s , independent of the flavor [15], and only
if the mass of P+s is less than MΛ+c −Mpi0 . In an analogous ss¯ process of φ photoproduction
(γp → φp), a forward-angle bump structure at √s ≈ 2.0 GeV has been observed by the
LEPS [16] and CLAS collaborations [17]. However, this structure appears only at the most
forward angles, which is not expected for the decay of a resonance [18].
Figure 2: Feynman diagram for the decay (a) Λ+c → φppi0 and (b) Λ+c → P+s pi0.
Previously, the decay Λ+c → φppi0 has not been studied by any experiment. Here, we report a
search for this decay, using 915 fb−1 of data [19]. In addition, we search for the nonresonant
decay Λ+c → K+K−ppi0 and measure the branching fraction of the Cabibbo-favored decay
Λ+c → K−pi+ppi0.
In order to extract the signal yield, we perform a two-dimensional (2D) unbinned extended
maximum likelihood fit to the variables m(K+K−ppi0) and m(K+K−). Projections of
the fit result are shown in Fig. 3. From the fit, we extract 148.4 ± 61.8 signal events,
75.9 ± 84.8 nonresonant events, and 7158.4 ± 36.4 combinatorial background events. The
statistical significances are found to be 2.4 and 1.0 standard deviations for Λ+c → φppi0
and nonresonant Λ+c → K+K−ppi0 decays, respectively. We use the well-established decay
Λ+c → pK−pi+ [11] as the normalization channel for the branching fraction measurements.
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Figure 3: Projections of the 2D fit: (a) m(K+K−ppi0) and (b) m(K+K−). The points with the error bars
are the data, and the (red) dotted, (green) dashed and (brown) dot-dashed curves represent the combinatorial,
signal and nonresonant candidates, respectively, and (blue) solid curves represent the total PDF. The solid
curve in (b) completely overlaps the curve for the combinatorial background.
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Since the significances are below 3.0 standard deviations both for φppi0 signal andK+K−ppi0
nonresonant decays, we set upper limits on their branching fractions at 90% confidence level
(CL) using a Bayesian approach. The results are
B(Λ+c → φppi0) < 15.3× 10−5,
B(Λ+c → K+K−ppi0)NR < 6.3× 10−5,
which are the first limits on these branching fractions.
To search for a putative P+s → φp decay, we select Λ+c → K+K−ppi0 candidates in which
m(K+K−) is within 0.020 GeV/c2 of the φ meson mass [11] and plot the background-
subtracted m(φp) distribution (Fig. 4). This distribution is obtained by performing 2D fits
as discussed above in bins of m(φp). The data shows no clear evidence for a P+s state. We
set an upper limit on the product branching fraction B(Λ+c → P+s pi0) × B(P+s → φp) by
fitting the distribution of Fig. 4 to the sum of a RBW function and a phase space distribution
determined from a sample of simulated Λ+c → φppi0 decays. We obtain 77.6 ± 28.1 P+s
events from the fit, which gives an upper limit of
B(Λ+c → P+s pi0)× B(P+s → φp) < 8.3× 10−5
at 90% CL. for our limit on B(Λ+c → φppi0). From the fit, we also obtain, MP+s = (2.025±
0.005) GeV/c2 and ΓP+s = (0.022±0.012) GeV, where the uncertainties are statistical only.
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Figure 4: The background-subtracted distribution of m(φp) in the φppi0 final state. The points with error
bars are data, and the (blue) solid line shows the total PDF. The (red) dotted curve shows the fitted phase
space component (which has fluctuated negative).
The high statistics decay Λ+c → K−pi+ppi0 is used to adjust the data-MC differences in the
φppi0 signal and K+K−ppi0 nonresonant decays. For the Λ+c → K−pi+ppi0 sample, the mass
distribution is plotted in Fig. 5. We fit this distribution to obtain the signal yield. We find
242 039 ± 2342 signal candidates and 472 729 ± 467 background candidates. We measure
the ratio of branching fractions,
B(Λ+c → K−pi+ppi0)
B(Λ+c → K−pi+p)
= (0.685± 0.007± 0.018),
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where the first uncertainty is statistical and the second is systematic. Multiplying this ratio
by the world average value of B(Λ+c → K−pi+p) = (6.46± 0.24)% [20], we obtain
B(Λ+c → K−pi+ppi0) = (4.42± 0.05± 0.12± 0.16)%,
where the first uncertainty is statistical, the second is systematic, and the third reflects the
uncertainty due to the branching fraction of the normalization decay mode. This is the most
precise measurement of B(Λ+c → K−pi+ppi0) to date and is consistent with the recently mea-
sured value B(Λ+c → K−pi+ppi0) = (4.53±0.23±0.30)% by the BESIII collaboration [21].
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Figure 5: Fit to the invariant mass distribution ofm(K−pi+ppi0). The points with the error bars are the data,
the (red) dotted and (green) dashed curves represent the combinatorial and signal candidates, respectively,
and (blue) curve represents the total PDF. of bins) of the fit is 1.43, which indicate that the fit gives a good
description of the data.
4. Observation of the Doubly Cabibbo-Suppressed Λ+c Decay
Several doubly Cabibbo-suppressed (DCS) decays of charmed mesons have been observed [11].
Their measured branching ratios with respect to the corresponding Cabibbo-favored (CF) de-
cays play an important role in constraining models of the decay of charmed hadrons and in
the study of flavor- SU(3) symmetry [22, 23]. On the other hand, because of the smaller
production cross-sections for charmed baryons, DCS decays of charmed baryons have not
yet been observed, and only an upper limit, B(Λ
+
c →pK+pi−)
B(Λ+c →pK−pi+) < 0.46% at 90% CL, has been
reported by the FOCUS Collaboration [24]. Here we present the first observation of the
DCS decay Λ+c → pK+pi− and the measurement of its branching ratio with respect to the
CF decay Λ+c → pK−pi+, using 980 fb−1 of data [25].
Figure 6 shows the invariant mass distributions of (a) pK−pi+ (CF) and (b) pK+pi− (DCS)
combinations. DCS decay events are clearly observed in M(pK+pi−). In order to obtain
the signal yield, a binned least-χ2 fit is performed. From the mass fit, we extract (1.452 ±
0.015) × 106 Λ+c → pK−pi+ events and 3587 ± 380 Λ+c → pK+pi− events. The latter
has a peaking background from the single Cabibbo-suppressed (SCS) decay Λ+c → Λ(→
ppi−)K+, which has the same final-state topology. After subtracting the SCS contribution,
we have 3379±380±78 DCS events, where the first uncertainty is statistical and the second
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is the systematic due to SCS subtraction. The corresponding statistical significance is 9.4
standard deviations. We measure the branching ratio,
B(Λ+c → pK+pi−)
B(Λ+c → pK−pi+)
= (2.35± 0.27± 0.21)× 10−3,
where the uncertainties are statistical and systematic, respectively. This measured branching
ratio corresponds to (0.82 ± 0.21) tan4 θc, where the uncertainty is the total, which is con-
sistent within 1.5 standard deviations with the naïve expectation (∼ tan4 θc [24]). LHCb’s
recent measurement of B(Λ
+
c →pK+pi−)
B(Λ+c →pK−pi+) = (1.65 ± 0.15 ± 0.05) × 10
−3 [26] is lower than
our ratio at the 2.0σ level. Multiplying this ratio with the previously measured B(Λ+c →
pK−pi+) = (6.84± 0.24+0.21−0.27)% by the Belle Collaboration [27], we obtain the the absolute
branching fraction of the DCS decay,
B(Λ+c → pK+pi−) = (1.61± 0.23+0.07−0.08)× 10−4,
where the first uncertainty is due to the total uncertainty of the branching ratio and the second
is uncertainty due to the branching fraction of the CF decay. After subtracting the contribu-
tions of Λ∗(1520) and ∆ isobar intermediates, which contribute only to the CF decay, the
revised ratio, B(Λ
+
c →pK+pi−)
B(Λ+c →pK−pi+) = (1.10 ± 0.17) tan
4 θc is consistent with the naïve expectation
within 1.0 standard deviation.
Figure 6: Distributions of (a) M(pK−pi+) and (b) M(pK+pi−) and residuals of data with respect to the
fitted combinatorial background. The solid curves indicate the full fit model and the dashed curves the
combinatorial background.
5. φ3 Measurement with a Model-independent Dalitz Plot Analysis of B± → DK±, D →
K0Spi
+pi− Decay
The CKM angle φ3 (also denoted as γ) is one of the least constrained parameters of the
CKM Unitary Triangle. Its determination is however theoretically clean due to absence
of loop contributions; φ3 can be determined using tree-level processes only, exploiting the
interference between b → uc¯s and b → cu¯s transitions that occurs when a process involves
a neutral D meson reconstructed in a final state accessible to both D0 and D¯0 decays (see
Fig. 7). Therefore, the angle φ3 provides a SM benchmark, and its precise measurement
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is crucial in order to disentangle non-SM contributions to other processes, via global CKM
fits. The size of the interference also depends on the ratio (rB) of the magnitudes of the two
tree diagrams involved and δB, the strong phase difference between them. Those hadronic
parameters will be extracted from data together with the angle φ3.
Figure 7: Feynman diagram for B− → D0K− and B− → D¯0K− decays.
The measurement are performed in three different ways: (a) by utilizing decays ofD mesons
to CP eigenstates, such as pi+pi−, K+K− (CP even) or K0Spi
0, φK0S (CP odd), proposed
by Gronau, London, and Wyler (and called the GLW method [28, 29]) (b) by making use of
DCS decays of D mesons, e.g., D0 → K+pi−, proposed by Atwood, Dunietz, and Soni (and
called the ADS method [30]) and (c) by exploiting the interference pattern in the Dalitz plot
of the D decays such as D0 → K0Spi+pi−, proposed by Giri, Grossman, Soffer, and Zupanc
(and called the GGSZ method [31]).
Using a model-dependent Dalitz plot method, Belle’s earlier measurement [32] based on a
data sample of 605 fb−1 integrated luminosity yielded φ3 = (78.4+10.8−11.6 ± 3.6 ± 8.9)◦ and
rB = 0.160
+0.040
−0.038± 0.011+0.050−0.010, where the uncertainties are statistical, systematic and Dalitz
model dependence, respectively. Although with more data one can squeeze on the statistical
part, the result will still remain limited by the model uncertainty.
In a bid to circumvent this problem, Belle has carried out a model-independent analysis [33],
using GGSZ method [31], that is further extended in a latter work [34]. The analysis is based
on the 711 fb−1 of data, collected at the Υ(4S) resonance. In contrast to the conventional
Dalitz method, where the D0 → K0Spi+pi− amplitudes are parameterized as a coherent sum
of several quasi two-body amplitudes as well as a nonresonant term, the model-independent
approach invokes study of a binned Dalitz plot. In this approach, the expected number
of events in the ith bin of the Dalitz plan for the D mesons from B± → DK± is given
by where hB is the overall normalization and Ki is the number of events in the ith Dalitz
bin of the flavor-tagged (whether D0 or D¯0) D0 → K0Spi+pi− decays, accessible via the
charge of the slow pion in D∗± → Dpi±. The terms ci and si contain information about the
strong-phase difference between the symmetric Dalitz points [m2(K0Spi
+), m2(K0Spi
−)] and
[m2(K0Spi
−), m2(K0Spi
+)]; they are the external inputs obtained from quantum correlated
D0D¯0 decays at the ψ(3770) resonance in CLEO [35, 36]. Finally x± = rB cos(δB ± φ3)
and y± = rB sin(δB ± φ3), where δB is the strong-phase difference between B± → D¯0K±
and B± → D0K±.
We perform a combined likelihood fit to four signal selection variables in all Dalitz bins
(16 bins in our case) for the B± → DK± signal and Cabibbo-favored B± → Dpi± control
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Table 2: Results of the x, y parameters and their statistical correlation forB± → DK± decays. The quoted
uncertainties are statistical, systematic, and precision on ci, si, respectively.
Parameter
x+ +0.095± 0.045± 0.014± 0.010
y+ +0.135
+0.053
−0.057 ± 0.015± 0.023
corr(x+, y+) -0.315
x− −0.110± 0.043± 0.014± 0.007
y− −0.050+0.052−0.055 ± 0.011± 0.017
corr(x−, y−) +0.059
samples; the free parameters of the fit are x±, y±, overall normalization (see Eq. 1) and
background fraction. Table 2 summarizes the results obtained for B± → DK± decays.
From these results, we obtain φ3 = (77.3+15.1−14.9 ± 4.1 ± 4.3)◦ and rB = 0.145 ± 0.030 ±
0.010 ± 0.011, where the first error is statistical, the second is systematic, and the last error
is due to limited precision on ci and si. Although φ3 has a mirror solution at φ3 + 180◦, we
retain the value consistent with 0◦ < φ3 < 180◦. We report evidence for direct CP violation,
the fact that φ3 is nonzero, at the 2.7 standard deviations level. Compared to results of the
model-dependent Dalitz method, this measurement has somewhat poorer statistical precision
despite a larger data sample used. There are two factors responsible for lower statistical
sensitivity: 1) the statistical error for the same statistics is inversely proportional to the rB
value, and the central value of rB in this analysis is smaller, and 2) the binned approach
is expected to have the statistical precision that is, on average, 10–20% poorer than the
unbinned one. On the positive side, however, the large model uncertainty for the model-
dependent study (8.9◦) is now replaced by a purely statistical uncertainty due to limited size
of the ψ(3770) data sample available at CLEO (4.3◦). With the use of BES-III data, this
error will decrease to 1◦ or less.
The model-independent approach therefore offers an ideal avenue for Belle II and LHCb in
their pursuits of φ3. We expect that the statistical error of the φ3 measurement using the
statistics of a 50 ab−1 data sample that will be available at Belle II will reach 1−2◦. We also
expect that the experimental systematic error can be kept at the level below 1◦, since most of
its sources are limited by the statistics of the control channels.
6. Acknowledgments
The author thanks the organizers of PKI2018 for excellent hospitality and for assembling a
nice scientific program. This work is supported by the U.S. Department of Energy.
References
[1] S. Kurokawa and E. Kikutani, Nucl. Instrum. Methods Phys. Res. Sect. A 499, 1 (2003), and
other papers included in this Volume; T. Abe et al., Prog. Theor. Exp. Phys. 2013, 03A011
(2013). and references therein.
45
[2] A. Abashian et al. (Belle Collaboration), Nucl. Instrum. Methods Phys. Res. Sect. A 479, 117
(2002); also see the detector section in J. Brodzicka et al., Prog. Theor. Exp. Phys. 2012,
04D001 (2012).
[3] Z. Natkaniec et al. (Belle SVD2 Group), Nucl. Instrum. Methods Phys. Res. Sect. A 560, 1
(2006).
[4] B. Aubert et al. (BaBar Collaboration), Phys. Rev. Lett. 99, 221801 (2007).
[5] R. Aaij et al. (LHCb Collaboration), Phys. Rev. Lett. 112, 011801 (2014).
[6] R. Aaij et al. (LHCb Collaboration), Phys. Rev. D 90, 112004 (2014).
[7] B. Bhattacharya, M. Gronau, and J. L. Rosner, Phys. Lett. B 726, 337 (2013).
[8] I. Bediaga, T. Frederico, and O. Louren?, Phys. Rev. D 89, 094013 (2014).
[9] C.-L. Hsu et al. (Belle Collaboration), Phys. Rev. D 96, 031101 (2017).
[10] S. K. Choi et al. (Belle Collaboration), Phys. Rev. Lett. 91, 262001 (2003).
[11] C. Patrignani et al. (Particle Data Group), Chin. Phys. C 40, 100001 (2016).
[12] R. Aaij et al. (LHCb Collaboration), Phys. Rev. Lett. 115, 072001 (2015).
[13] R. Zhu and C. F. Qiao, Phys. Lett. B 756, 259 (2016).
[14] V. Kopeliovich and I. Potashnikova, arXiv:1510.05958 [hep-ph].
[15] R. F. Lebed, Phys. Rev. D 92, 114030 (2015).
[16] T. Mibe et al. (LEPS Collaboration), Phys. Rev. Lett. 95, 182001 (2005).
[17] B. Dey et al. (CLAS Collaboration), Phys. Rev. C 89, 055208 (2014); Phys. Rev. C 90,
019901 (2014).
[18] R. F. Lebed, Phys. Rev. D 92, 114006 (2015).
[19] B. Pal et al. (Belle Collaboration), Phys. Rev. D 96, 051102 (2017).
[20] Y. Amhis et al. (Heavy Flavor Averaging Group), arXiv:1612.07233 [hep-ex].
[21] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. Lett. 116, 052001 (2016).
[22] H. J. Lipkin, Nucl. Phys. Proc. Suppl. 115, 117 (2003).
[23] D. N. Gao, Phys. Lett. B 645, 59 (2007).
[24] J. M. Link et al. (FOCUS Collaboration), Phys. Lett. B 624, 166 (2005).
[25] S. B. Yang et al. (Belle Collaboration), Phys. Rev. Lett. 117, 011801 (2016).
[26] R. Aaij et al. (LHCb Collaboration), arXiv:1711.01157 [hep-ex].
46
[27] A. Zupanc et al. (Belle Collaboration), Phys. Rev. Lett. 113, 042002 (2014).
[28] M. Gronau and D. London, Phys. Lett. B 253, 483 (1991).
[29] M. Gronau and D. Wyler, Phys. Lett. B 265, 172 (1991).
[30] D. Atwood, I. Dunietz, and A. Soni, Phys. Rev. D 63, 036005 (2001).
[31] A. Giri, Y. Grossman, A. Soffer, and J. Zupan, Phys. Rev. D 68, 054018 (2003).
[32] A. Poluektov et al. (Belle Collaboration), Phys. Rev. D 81, 112002 (2010).
[33] H. Aihara et al. (Belle Collaboration), Phys. Rev. D 85, 112014 (2012).
[34] A. Bondar and A. Poluektov, Eur. Phys. J. C 55, 51 (2008).
[35] R. A. Briere et al. (CLEO Collaboration), Phys. Rev. D 80, 032002 (2009).
[36] J. Libby et al. (CLEO Collaboration), Phys. Rev. D 82, 112006 (2010).
47
3.7 Study of τ → Kpiν Decay at the B Factories
Denis Epifanov
Budker Institute of Nuclear Physics SB RAS
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Abstract
Recent results of high-statistics studies of the τ → Kpiν decays at B factories are re-
viewed. We discuss precision measurements of the branching fractions of the τ− → K0Spi−ντ
and τ− → K−pi0ντ decays, and a study of the K0Spi− invariant mass spectrum in the τ− →
K0Spi
−ντ decay. Searches for CP symmetry violation in the τ− → K0Spi−(≥ 0pi0)ντ decays
are also briefly reviewed. We emphasize the necessity of the further studies of the τ → Kpiν
decays at B and Super Flavour factories.
1. Introduction
The record statistics of τ leptons collected at the e+e− B factories [1] provide unique oppor-
tunities of the precision tests of the Standard Model (SM). In the SM, τ decays due to the
charged weak interaction described by the exchange of W boson. Hence, there are two main
classes of τ decays, leptonic and hadronic τ decays. Leptonic decays provide very clean lab-
oratory to probe electroweak couplings [2], while hadronic τ decays offer unique tools for
the precision study of low energy QCD [3]. The hadronic system is produced from the QCD
vacuum via decay of the W−1 boson into u¯ and d quarks (Cabibbo-allowed decays) or u¯ and
s quarks (Cabibbo-suppressed decays). As a result the decay amplitude can be factorized
into a purely leptonic part including the τ− and ντ and a hadronic spectral function.
Of particular interest are strangeness changing Cabibbo-suppressed hadronic τ decays. The
decays τ− → K¯0pi−ντ and τ− → K−pi0ντ (or, shortly, τ → Kpiν) provide the dominant
contribution to the inclusive strange hadronic spectral function, which is used to evaluate
s-quark mass and Vus element of Cabibbo-Kobayashi-Maskawa (CKM) quark flavor-mixing
matrix [4]. In the τ → Kpiν decays the Kpi system is produced in the clean experimental
conditions without disturbance from the final state interactions. Hence, τ → Kpiν decays
provide complementary information about K-pi interaction to the experiments with kaon
beams [5, 6]. In the leptonic sector, CP symmetry violation (CPV) is strongly suppressed in
the SM (ACPSM . 10−12) leaving enough room to search for the effects of New Physics [7]. Of
particular interest are strangeness changing Cabibbo-suppressed hadronic τ decays, in which
large CPV could appear from a charged scalar boson exchange in some Multi-Higgs-Doublet
models (MHDM) [8].
Recently, Belle and BaBar performed an extended study of the τ → Kpiν decays and
searches for CPV in these decays [9–14].
2. Study of τ → Kpiν Decays at Belle and BaBar
The first analysis of τ− → K0Spi−ντ decay at Belle was done with a 351 fb−1 data sample that
contains 323 × 106 τ+τ− pairs [9]. So called lepton-tagged events were selected, in which
1Unless specified otherwise, charge conjugate decays are implied throughout the paper.
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τ+ decays to leptons, τ+ → `+ν`ν¯τ , ` = e, µ, while the other one decays to the signal
K0Spi
−ντ final state. Events where both τ ’s decay to leptons were used for the normalization.
In the calculation of the τ− → K0Spi−ντ branching fraction the detection efficiencies for the
signal and two-lepton events were determined from Monte Carlo (MC) simulation with the
corrections from the experimental data. The obtained branching fraction:
B(τ− → K0Spi−ντ ) = (4.04± 0.02(stat.)± 0.13(syst.))× 10−3
is consistent with the other measurements.
Figure 1: (a) The K0Spi mass distribution, points are experimental data, the histogram is the
K∗0(800)
− + K∗(892)− + K∗(1410)− model; (b) The K∗(892)− mass measured in different
experiments.
The K0Spi
− invariant mass distribution shown in Fig. 1 (a) is described in terms of the vector
(FV ) and the scalar (FS) form factors according to Ref. [16]:
dΓ
d
√
s
∼ 1
s
(
1− s
m2τ
)2(
1 + 2
s
m2τ
)
P
{
P 2|FV |2 + 3(m
2
K −m2pi)2
4s(1 + 2 s
m2τ
)
|FS|2
}
, (1)
where s is squared K0Spi
− invariant mass, P is K0S momentum in the K
0
Spi
− rest frame. The
vector form factor is parametrized by theK∗(892)−, K∗(1410)− andK∗(1680)− meson am-
plitudes, while the scalar form factor includes the K∗0(800)
− and K∗0(1430)
− contributions.
The K∗(892)− alone is not sufficient to describe the K0Spi
− invariant mass spectrum. To
describe the enhancement near threshold, we introduce a K∗0(800)
− amplitude, while for the
description of the distribution at higher invariant masses we try to include the K∗(1410)−,
K∗(1680)− vector resonances or the scalar K∗0(1430)
−. The best description is achieved
with the K∗0(800)
− + K∗(892)− + K∗(1410)− and K∗0(800)
− + K∗(892)− + K∗0(1430)
−
models. The parameterization of FS suggested by the LASS experiment [5] was also tested:
FS = λ
√
s
P
(sin δBe
iδB + e2iδBBWK∗0 (1430)(s)), (2)
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where λ is a real constant, P is K0S momentum in the K
0
Spi
− rest frame, and the phase δB is
determined from the equation cot δB = 1aP +
bP
2
, where a, b are the model (fit) parameters.
In this parameterization the non-resonant mechanism is given by the effective range term
sin δBe
iδB , while the resonant structure is described by the K∗0(1430) amplitude.
Figure 2: The absolute value of FS from LASS experiment (left) and from the τ− → K0Spi−ντ
study at Belle (right).
The shape of the optimal scalar form factor in the LASS experiment strongly differs (espe-
cially, near the threshold of the K0Spi
− production) from that obtained in the fit of the K0Spi
−
mass distribution in the study of τ− → K0Spi−ντ decay at Belle, see Fig. 2. There is large
systematic uncertainty in the near K0Spi
− production threshold part of the spectrum due to
the large background from the τ− → K0Spi−K0Lντ decay, whose dynamics is not precisely
known. In the new study at B factories it will be possible to suppress this background essen-
tially applying special kinematical constraints.
A fit to the K0Spi
− invariant mass spectrum also provides a high precision measurement of
the K∗(892)− mass and width: M(K∗(892)−) = (895.47 ± 0.20(stat.) ± 0.44(syst.) ±
0.59(mod.)) MeV/c2, Γ(K∗(892)−) = (46.2± 0.6(stat.)± 1.0(syst.)± 0.7(mod.)) MeV.
While our determination of the width is compatible with most of the previous measurements
within experimental errors, our mass value, see Fig. 1 (b), is considerably higher than those
before and is consistent with the world average value of the neutral K∗(892)0 mass, which
is (896.00± 0.25) MeV/c2 [15].
The second analysis of the τ− → K0Spi−ντ decay at Belle was based on the data sample with
the luminosity integral of L = 669 fb−1 which comprises 615 million τ+τ− events [11].
One inclusive decay mode τ− → K0SX−ντ and 6 exclusive hadronic τ decay modes with
K0S (τ
− → K0Spi−ντ , τ− → K0SK−ντ , τ− → K0SK0Spi−ντ , τ− → K0Spi−pi0ντ , τ− →
K0SK
−pi0ντ , τ− → K0SK0Spi−pi0ντ ) were studied in Ref. [11]. In this study signal events
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were tagged by one-prong tau decays (into eνν, µνν or pi/K(n ≥ 0)pi0ν final states) with
the branching fraction B1−prong = (85.35 ± 0.07)%. In total, 157836 events of the τ− →
K0Spi
−ντ decay were selected with the fraction of the non-cross-feed background of (8.86±
0.05)% and the detection efficiency εdet = (7.09±0.12)%. The obtained branching fraction:
B(τ− → K0Spi−ντ ) = (4.16± 0.01(stat.)± 0.08(syst.)))× 10−3
supersedes the previous Belle result and has the best accuracy.
Figure 3: The K−pi0 invariant mass distribution (left) from Ref. [12]. The dots are ex-
perimental data, histograms are background MC events with selection and efficiency correc-
tions: background from ττ (dashed line), qq¯ (dash-dotted line), µ+µ− (dotted line). The
K0Spi
− invariant mass distribution (right) from Ref. [13]. The dots are experimental data, his-
tograms are signal and background MC: signal events (red), dominant background from the
τ− → K0SK0Lpi−ντ decay (yellow), non-ττ events (magenta).
Precision measurement of the branching fraction of the τ− → K−pi0ντ decay with a 230.2 fb−1
data sample collected at the Υ(4S) resonance has been carried out by BaBar [12]. The result:
B(τ− → K−pi0ντ ) = (4.16± 0.03(stat.)± 0.18(syst.)))× 10−3
is consistent with the previous measurements and B(τ− → K0Spi−ντ ) and has the best accu-
racy. The K−pi0 invariant mass distribution is shown in Fig. 3.
The preliminary result on the B(τ− → K0Spi−ντ ) using a 384.6 fb−1 data sample was also
published by BaBar [13]:
B(τ− → K0Spi−ντ ) = (4.20± 0.02(stat.)± 0.12(syst.)))× 10−3.
It is consistent with the other measurements. The distribution of the invariant mass of the
K0Spi
− system is shown in Fig. 3, experimental data exhibit additional contribution around
the invariant mass of 1.4 GeV/c2, which is not included in the signal MC simulation.
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3. Search for CPV in τ → Kpiν
Recent studies of CPV in the τ− → pi−KS(≥ 0pi0)ντ decays at BaBar [14] as well as in
the τ− → KSpi−ντ decay at Belle [10] provide complementary information about sources
of CPV in these hadronic decays.
The decay-rate asymmetry ACP =
Γ(τ+→pi+KS(≥0pi0)ντ )−Γ(τ−→pi−KS(≥0pi0)ντ )
Γ(τ+→pi+KS(≥0pi0)ντ )+Γ(τ−→pi−KS(≥0pi0)ντ ) was studied at
BaBar with the τ+τ− data sample of
∫
Ldt = 476 fb−1. The obtained resultACP = (−0.36±
0.23 ± 0.11)% is about 2.8 standard deviations from the SM expectation AK0CP = (+0.36 ±
0.01)%.
At Belle, CPV search was performed as a blinded analysis based on a 699 fb−1 data sam-
ple. Specially constructed asymmetry, which is a difference between the mean values of
the cos β cosψ for τ− and τ+ events, was measured in bins of K0Spi
− mass squared (Q2 =
M2(K0Spi)):
ACPi (Q
2
i ) =
∫
∆Q2i
cos β cosψ
(
dΓτ−
dω
− dΓτ+
dω
)
dω
1
2
∫
∆Q2i
(
dΓτ−
dω
+
dΓτ+
dω
)
dω
' 〈cos β cosψ〉τ− − 〈cos β cosψ〉τ+ ,
where β, θ and ψ are the angles, evaluated from the measured parameters of the final hadrons,
dω = dQ2dcos θdcos β. In contrary to the decay-rate asymmetry the introduced ACPi (Q
2
i )
is already sensitive to the CPV effects from the charged scalar boson exchange [17]. No
CP violation was observed and the upper limit on the CPV parameter ηS was extracted to
be: |Im(ηS)| < 0.026 at 90% CL. Using this limit parameters of the Multi-Higgs-Doublet
models [18, 19] can be constrained as |Im(XZ∗)| < 0.15 M2H±/(1 GeV2/c4), where MH±
is the mass of the lightest charged Higgs boson, the complex constants Z and X describe the
coupling of the Higgs boson to leptons and quarks respectively.
4. Further Studies of τ → Kpiν Decays
In the analysis of the τ− → K0Spi−ντ decay, it is very desirable to measure separately vec-
tor (FV ), scalar (FS) form factors and their interference. The K∗(892)− mass and width
are measured in the vector form factor taking into account the effect of the interference of
the K∗(892)− amplitude with the contributions from the radial exitations, K∗(1410)− and
K∗(1680)−. The scalar form factor is important to unveil the problem of the K∗0(800)
−
state as well as for the tests of the various fenomenological models and search for CPV. The
interference between vector and scalar form factors is necessary in the search for CPV in
τ− → K0Spi−ντ decay.
To elucidate the nature of the K∗(892)−−K∗(892)0 mass difference it is important to study
the following modes: τ− → K0Spi−ντ , τ− → K0Spi−pi0ντ , τ− → K0SK−pi0ντ . K∗(892)−
mass and width can be measured in the clean experimental conditions without disturbance
from the final state interactions in the τ− → K0Spi−ντ decay. While a study of the τ− →
K0Spi
−pi0ντ mode allows one to measure simultaneously in one mode the K∗(892)−(K0Spi
−)
and theK∗(892)0(K0Spi
0) masses. The effect of the pure hadronic interaction of theK∗(892)−
(K∗(892)0) and pi0(pi−) on the K∗(892)−(K∗(892)0) mass can be precisely measured as
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well. It is also important to investigate precisely the effect of the pure hadronic inter-
action of the K∗(892)−(K∗(892)0) and K0S(K
−) on the K∗(892)−(K∗(892)0) mass in the
τ− → K0SK−pi0ντ decay.
5. Summary
Belle and BaBar essentially improved the accuracy of the branching fractions of the τ− →
(Kpi)−ντ decays. At Belle the K0Spi invariant mass spectrum was studied and the K
∗(892)−
alone is not sufficient to describe the K0Spi mass spectrum. The best description is achieved
with theK∗0(800)
−+K∗(892)−+K∗(1410)− andK∗0(800)
−+K∗(892)−+K∗0(1430)
− mod-
els. For the first time the the K∗(892)− mass and width have been measured in τ decay at B
factories. TheK∗(892)− mass is significantly different from the current world average value,
it agrees with the K∗(892)0 mass. Precision study of the τ− → K0Spi−ντ , τ− → K0Spi−pi0ντ
and τ− → K0SK−pi0ντ decays at theB factories as well as the e+e− → K0SK±pi∓ reaction at
the VEPP-2000 [20,21] andK−pi scattering amplitude at the coming GlueX experiment [6]
could provide additional valuable information about the K∗(892)− mass, namely unveil an
impact of the hadronic and electromagnetic interactions in the final state.
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3.8 From piK Amplitudes to piK Form Factors (and Back)
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Abstract
The dispersive construction of the scalar pipi and the scalar and vector piK form factors are
reviewed. The experimental properties of the pipi and piK scattering J = 0, 1 amplitudes are
recalled, which allow for an application of final-state interaction theory in a much larger range
than the exactly elastic energy region. Comparisons are made with recent lattice QCD results
and with experimental τ decay results. The latter indicate that some corrections to the piK
P -wave phase-shifts from LASS may be needed.
1. Introduction
Pions and kaons are the lightest hadrons in QCD. The pipi interaction plays an important
role in generating stable nuclei. Studying the pipi and the piK interactions allows to probe
the chiral symmetry aspects of QCD at low energy and the resonance structure at higher
energy. Sufficiently precise measurements also associated with theoretical, analyticity prop-
erties of QCD have allowed to establish the existence of light, exotic, resonances [1] which
had remained elusive for many decades.
In recent years a considerable amount of data on decays of heavy mesons or leptons into
light pseudo-scalar mesons have accumulated. The energy dependencies of these decay
amplitudes are essentially controlled by the final-state interactions (FSI) among the light
mesons. FSI theory relies on analyticity and the existence of a right-hand cut, in each energy
variable, which can be associated with unitarity [2].
Two-mesons form factors are the simplest functions to which FSI theory can be applied in
the sense that they depend on a single variable and that the unitarity cut is the only one.
We review below some aspects of the pipi scalar and the piK scalar and vector form factors.
We will recall, in particular, the experimental properties of the interactions which allow for
an application of FSI theory in a much larger energy range than the range of purely elastic
scattering. We will also consider the possibility, given sufficiently precise determination of
the form factors, to improve the precision of the determination of the light meson amplitudes.
2. The pipi Scalar Form Factors
pipi scattering is exactly elastic in QCD in the energy range s ≤ 16m2pi. However, it has long
been known that it can be considered as effectively elastic in a larger range. The two main
assumptions which underlie the dispersive construction of the form factors in Ref. [3] is that,
in the S-wave, this effectively elastic region extends up to theKK¯ threshold and that beyond
this, there exists an energy region in which two-channel unitarity effectively holds. These
assumptions are supported by the experimental measurements of the pipi phase-shifts and
inelasticities. For instance Fig. 5a of Ref. [4] showing the inelasticity η00 indicates clearly
that the η00 is driven away from 1 by the f0(980) resonance and the cusp-like shape of the
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curve suggests that KK¯ is the leading inelastic channel, while 4pi or 6pi channels play a
negligible role up to 1.4 GeV.
This can be further probed using experimental measurements of the pipi → KK¯ amplitudes.
Indeed, if two-channel unitarity holds then the modulus of this amplitude is simply related to
the inelasticity. This is illustrated from fig 1 which shows fits to the inelasticity as deduced
from the pipi → KK¯ measurements of Refs. [5,6] compared with the inelasticity measure in
pipi. The two experiments are in good agreement in the energy energy region E ≥ 1.2 GeV
and the figure indicates that the two-channel unitarity picture could hold up to E ' 1.6 GeV.
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Figure 1: Inelasticity parameter of the pipi I = 0 S-wave compared to that deduced from pipi → KK¯
measurements assuming two-channel unitarity.
Scalar form factors, for instance Γpi(t) = 〈pi(p)pi(q)|muu¯u+mdd¯d|0〉, with t = (p + q)2
are analytic functions of t in the whole complex plane except for a right-hand cut on the real
axis. Assuming that it has no zeroes, it can be expressed as a phase dispersive representation
Γpi(t) = Γpi(0) exp
[
t
pi
∫ ∞
4m2pi
dt′
t′(t′ − t) φpi(t
′) .
]
(1)
From Watson’s theorem the form factor phase φpi is equal to the pipi scattering phase in the
elastic scattering region, that is, according to the preceding discussion
φpi(t) = δ
0
0(t), 4m
2
pi ≤ t ≤ 4m2K . (2)
Furthermore, when t → ∞ one must have φpi(t) → pi which ensures compatibility with
a Brodsky-Lepage type behavior [7]. Based on these arguments, a simple interpolating
model for the phase in the range [4m2K ,∞] was proposed in ref. [8]. As was pointed
out in [9] this simple interpolation leads to an overestimate of the pion scalar form factor
〈r2〉piS = Γ˙pi(0)/(6Γpi(0)) because the f0(980) resonance effect is not properly accounted
for. A more accurate interpolation can be performed by exploiting the existence of a two-
channel unitarity region and generating the form factor from a solution of the corresponding
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coupled-channel Muskhelishvili equations
~F (t) =
1
pi
∫ ∞
4m2pi
dt′
T (t′)Σ(t′)~F ∗(t′)
t′ − t , (3)
where T is the pipi −KK¯ coupled-channel matrix and
Σ(t′) = diag
(√
1− 4m2pi/t′,
√
1− 4m2K/t′θ(t′ − 4m2K)
)
. Beyond the region where two-
channel unitarity applies, a proper asymptotic phase interpolation is performed in this model
by imposing asymptotic conditions on the T -matrix. It is also convenient to choose these
conditions such that the so-called Noether index [10] is equal to N = 2 which ensures that
Eq. 3 has a unique solution once two conditions are imposed, e.g., Γpi(0), ΓK(0).
Fig. 2 illustrates the result for the phase of the form factor, φpi, obtained from solving these
equations. The f0(980) resonance is predicted to generate a sharp drop in this phase at 1
GeV. Nevertheless, it is noteworthy that the asymptotic phase is reached from above in this
approach as is required in QCD [8] (see right plot in Fig. 2). The result for the pion scalar
radius [9]: 〈r2〉piS = (0.61 ± 0.04) fm2 is in good agreement with lattice QCD simulations,
e.g., [11].
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Figure 2: Phase of the pion scalar form factor from solving the Muskhelishvili equations 3. The right plot
illustrates how the asymptotic value is reached.
3. piK Scalar Form Factor
piK scattering in the S-wave is exactly elastic in QCD in the region t ≤ (mK + 3mpi)2. By
analogy with pipi one would expect the amplitude to be effectively elastic in a substantially
larger range. This seems to be confirmed by experiment. Fig. 3 shows the inelasticity pa-
rameter η1/20 obtained from a fit to the two most recent amplitudes determinations [12, 13].
One sees that η1/20 remains close to 1 up to
√
t ' 1.9 GeV and it is driven away from 1
very sharply by the K∗0(1950) resonance. The detailed properties of this resonance are yet
unknown. It is often assumed that its main decay channel is η′K which would imply the
existence of a two-channel unitarity region for the piK S-wave. A dispersive derivation of
the piK scalar form factor exactly analogous to that of pipi can then be performed [14].
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An important difference with pipi, though, is that the piK scalar form factor is measurable.
It can be determined from semi-leptonic decay amplitudes K → pilνl and τ → Kpiντ since
the matrix element of the vector current involves both the vector and the scalar form factors,
fKpi+ , f
Kpi
0
√
2〈K+(pK)|u¯γµs|pi0(ppi)〉 = fKpi+ (t)
(
pK + ppi − ∆Kpi
t
(pK − ppi)
)µ
+fKpi0 (t)
∆Kpi
t
(pK − ppi)µ
(4)
The prediction from the two-channel dispersive form factor model for the slope parameter
λ0 = m
2
pi+ f˙
Kpi
0 (0)/f
Kpi
0 (0) is [15] λ0 = (14.7±0.4) ·10−3 which is in rather good agreement
with the most recent determination by NA48/2, NA62 experiments [16]: λ0 = (14.90 ±
0.55± 0.80) · 10−3. Further verifications of this form factor, in particular in the region of the
K∗0(1430) resonance, would be necessary. This is possible, in principle, from τ → Kpiντ
decays if one measures both the energy and the angular distributions in order to disentangle
the contributions from the two form factors. At low energy fKpi0 (t) displays a strong κmeson
induced enhancement. As can be seem from fig. 4 (left plot) below, this feature is in accord
with the data already existing on τ decay.
4. piK Vector Form Factor and J = 1 Amplitude
For the P -wave amplitude, fits to the experimental data indicate that the quasi-elastic range
extends up to the K∗pi threshold (see fig. 3). The inelasticity is driven by the K∗(1410) and
by theK∗(1680) resonance. The decay properties of these two resonances have been studied
in detail in Ref. [17]: they essentially involve the two quasi two-body channelsK∗pi andKρ.
This suggests that a plausible model based on three-channel unitarity can be developed for
describing the piK P -wave scattering which can be applied to the dispersive construction
of the vector form factor. Models of this type were considered [18, 19]. We present below
slightly updated results from [18].
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Figure 3: piK inelasticity from fits to the data of [12, 13]. Left plot: S-wave, right plot: P -wave.
At first, a reasonable fit of the experimental data can be achieved (with a χ2/d.o.f = 1.8)
in the whole energy range 0.8 ≤ E ≤ 2.5 GeV within a model which implements exact
58
three-channel unitarity via a simple standard K-matrix approach,
Kij =
∑
R
giR g
j
R
m2R − s
+Kbackij . (5)
The model has four P -wave resonances and contains 15 parameters which are determined
from a fit to the piK → piK experimental data. The parameters are also constrained with
respect to the inelastic channels K∗pi and Kρ by the measured branching fractions of the
K∗(1410), K∗(1680) resonances.
The three vector form factors associated with Kpi, K∗pi, Kρ can then be determined by
solving the coupled integral dispersive equations analogous to eq. 3. Having chosen N = 3
for the Noether index, it is necessary to provide three constraints in order to uniquely specify
the solution, e.g. the values of the three form factors Hi at t = 0. The value of H1(0) =
fKpi+ (0) is rather precisely known from chiral symmetry and from lattice QCD simulations
(see [20]). Concerning H2(0), H3(0) we can only obtain a qualitative order of magnitude in
the limit of exact three-flavor chiral symmetry and assuming exact vector-meson dominance.
This gives
H2(0) = −H3(0) =
√
2NcMV
16pi2FV Fpi
' 1.50 GeV−1 (6)
We can thus parametrize the exact values as H2(0) = 1.50(1 + a), H3(0) = 1.50(1 + b)
and we expect |a|, |b| < 30%. Fitting the Belle data [21] on τ → Kpiντ with these two
parameters a, b gives a rather poor χ2 = 8.6. While this could simply be blamed on the
inadequacy of the model, we will argue instead that the P -wave phase-shifts of LASS [17]
may need some updating. At first, one sees that much of the large χ2 value originates from
the K∗(892) resonance region and simply reflects a significant difference in the K∗(892)
resonance width between the LASS data and the Belle data. Indeed, in the recent re-analysis
of the LASS data constrained by dispersions relations [22] a value for the width, ΓK∗ =
58± 2 MeV is found, which is much larger than the result of Belle: ΓK∗ = 46.2± 1.4 MeV.
In the present approach one can go further and determine how the P -wave results from LASS
need to be modified in order for the vector form factor to be in better agreement with the Belle
results. This is done by refitting the parameters of the three-channel T matrix including both
LASS and Belle data sets. Doing this, a reasonable agreement with the τ data can be achieved
with a χ2/N(Belle) = 2.4 while the χ2 for the LASS data is χ2/N(LASS) = 3.5. This is
illustrated in fig. 4. The left plot shows the piK energy distribution in the τ → piKντ mode
and the right plot shows the phase of the pi+K− → pi+K− J = 1 amplitude as a function of
energy. Beyond the region of the K∗(892) a visible modification of the phase in the region
of the K∗(1410) seems to be also needed.
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Abstract
In this talk, I present our recent results on the three-to-three scattering amplitude con-
structed from the compositeness principle of the S-matrix and constrained by two- and three-
body unitarity. The resulting amplitude has important applications in the infinite volume, but
can also be used to derive the finite volume quantization condition for the determination of
energy eigenvalues obtained from ab-initio Lattice QCD calculations of three-body systems.
1. Introduction
Interest in the description of three-hadron systems has re-sparked in recent years due to two
aspects of modern nuclear physics. First, there are substantial advances of experimental fa-
cilities such as COMPASS [1], GlueX [2] and CLAS12 [3] experiments, aiming for the study
of meson resonances with mass above 1 GeV including light hybrids. The large branching
ratio of such resonances to three pions is expected to generate important features via the
final state interaction. Furthermore, effects such as the log-like behavior of the irreducible
three-body interaction, associated with the a1(1420) [4] can be studied in detail with a full
three-body amplitude. Similarly, the study of the XY Z sector [5, 6] currently explored by
LHCb, BESIII, Belle and BaBar [7, 8] can be conducted in more detal when the three-body
interactions are taken into account. The prominent Roper puzzle can be re-addressed when
the features of the pipiN amplitude are sufficiently under control, see, e.g., Ref. [9]. Finally,
the proposed Klong beam experiment at JLab [10–13] can give new insights into properties
of, e.g., κ-resonance from the Kpipi channel. Second, the algorithmic and computational
advances in ab-intio Lattice QCD calculations make the analysis of such interesting systems
as the Roper-resonance (N(1440)1/2+) or the a1(1260) possible. Some first studies in these
systems have already been conducted, using gauge configurations with unphysically heavy
quark masses [14–16], but no 3-body operators have been included there yet. Many other
groups are working on conducting similar studies, such as, e.g., the piρ scattering in the I = 2
sector [17]. Also in these systems the pion mass is very heavy, such that the ρ is stable and
the infinite-volume extrapolation can effectively be carried out using the two-body Lüscher
formalism. In the future, it has to be expected that these and similar studies will be carried
out at lower pion masses with an unstable ρ decaying into two pions. For these cases the
full understanding of the infinite volume extrapolations including three-body dynamics is
desired. Important progress has been achieved in the last years [18–30], and first numerical
case studies have now been conducted with three different approaches [19, 30–32]. While
still exploratory, they mark an important step in the development of the three-body quanti-
zation condition.
In this work, we show theoretical developments of one of these approaches [30] as well as
numerical studies based on it. This framework is based on the general formulation of the
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T
 = +
T
+ + +
Figure 1: Total scattering amplitude Tˆ consisting of a connected (Tˆc) and a disconnected contribu-
tion (Tˆd), represented by the first and second term on the right-hand side of Eq. (1), respectively.
Single lines indicate the elementary particle, double lines represent the isobar, empty dots stand
for isobar dissociation vertex v, while time runs from right to left. T and ” + ” denote the isobar-
spectator scattering amplitude and isobar propagator τ , respectively.
infinite volume three-to-three scattering amplitude which respects two- and three-body uni-
tarity. At its core, the two-body sub-amplitudes are parametrized by a tower of functions of
invariant mass with correct right-hand singularities of the corresponding partial-waves. The
truncation of such a series of functions in a practical calculations is the only approximation
of such an approach and takes account of the sparsity of the lattice data. The imaginary parts
of such an amplitude are fixed by unitarity, giving rise to a power-law (inML – a dimension-
less product of pion mass and size of cubic lattice volume) finite volume dependence, when
replacing continuous momenta in such an amplitude by discretized ones due to boundary
conditions imposed in Lattice QCD studies. Therefore, such a framework gives a natural
way to study three-body systems in the infinite and in finite volume simultaneously.
2. Three-Body Scattering in the Infinite Volume
The interaction of three-to-three asymptotic states is described by the scattering amplitude
T . We assume here that the particles in question are stable, spinless and identical (of mass
M ) for simplicity. The connectedness-structure of matrix elements dictates that the scatter-
ing amplitude consists of two parts: the fully connected one and one-time1 disconnected,
denoted by the subscript c and d in the following. As discussed in Refs. [19, 33], the full
two-body amplitude can be re-parametrized by a tower of “isobars", which for given quan-
tum numbers of the two-body sub-system describe the correct right-hand singularities of
each partial wave in that system. In this sense the isobar formulation is not an approximation
but a re-parametrization of the full two-body amplitude, see the discussion in the original
work [34]. In summary, the three-to-three scattering amplitude (depicted in Fig. 1) reads
〈q1, q2, q3|Tˆ |p1, p2, p3〉 = 〈q1, q2, q3|Tˆc|p1, p2, p3〉+ 〈q1, q2, q3|Tˆd|p1, p2, p3〉 (1)
=
1
3!
3∑
n=1
3∑
m=1
v(qn¯, qn¯)v(pm¯, pm¯)(
τ(σ(qn))T (qn, pm; s) τ(σ(pm)) − 2E(qn)τ(σ(qn))(2pi)3δ3(qn − pm)
)
,
1two particle sub-amplitude are still fully connected, while the third particle takes the role of what we refer to as
the “spectator".
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where P is the total four-momentum of the system, s = W 2 = P 2 and E(p) =
√
p2 +M2.
All four-momenta p1, q1, ... are on-mass-shell, and the square of the invariant mass of the
isobar reads σ(q) := (P − q)2 = s + M2 − 2WE(q) for the spectator momentum q. We
work in the total center-of-mass frame where P = 0 and denote throughout the manuscript
three-momenta by bold symbols. The dissociation vertex v(p, q) of the isobar decaying
in asymptotically stable particles, e.g., ρ (p + q) → pi(p)pi(q), is chosen to be cut-free in
the relevant energy region, which is always possible. The notation is such that, e.g., for a
spectator momentum qn the isobar decays into two particles with momenta qn¯ and qn¯. Finally,
T describes the isobar-spectator interaction and is the function of eight kinematic variables
allowed by momentum and energy conservation, such as the full three-to-three scattering
amplitude.
The above equation contains three unknown functions τ(σ), T and v. Since real and imag-
inary parts of the scattering amplitude are related by unitarity, the latter building blocks of
the scattering amplitude are related between each other as well. Specifically, including a
complete set of three-particle intermediate states (inclusion of higher-particle states will be
studied in a future work) the three-body unitarity condition can be written as
〈q1, q2, q3|(Tˆ − Tˆ †)|p1, p2, p3〉 = (2)
i
∫ 3∏
`=1
d4k`
(2pi)4
(2pi)δ+(k2` −m2) (2pi)4δ4
(
P −
3∑
`=1
k`
)
〈q1, q2, q3|Tˆ †|k1, k2, k3〉 〈k1, k2, k3|Tˆ |p1, p2, p3〉 ,
where δ+(k2 − m2) := θ(k0)δ(k2 − m2). To reveal the relations between T , τ and v we
make the Bethe-Salpeter Ansatz for the isobar-spectator amplitude
T (qn, pm; s) = B(qn, pm; s) +
∫
d4k
(2pi)4
B(qn, k; s)τˆ(σ(k))T (k, pm; s) , (3)
which holds for any in/outgoing spectator momenta pm/qn (not necessarily on-shell), and
effectively re-formulates the unknown function T by yet another two unknown functions:
the isobar-spectator interaction kernel B and the isobar-spectator Green’s function τˆ . In
particular, we can rewrite the left-hand-side of the unitarity relation (2) into eight different
topologies, which symbolically read
Tˆ − Tˆ † = v(τ − τ †)v + v (τ − τ †)Tτv + vτ †T † (τ − τ †) v
+ vτ †(B −B†)τv + vτ †(B −B†)τˆT τv + vτ †T †τˆ †(B −B†)τv (4)
+ vτ †T †(τˆ − τˆ †)Tτv + vτ †T †τˆ †(B −B†)τˆT τv .
The main goal of such a decomposition is to express the discontinuity of Tˆ as a sum of
discontinuities of simpler building blocks in corresponding variables.
The same kind of decomposition can be achieved for the right-hand-side of unitarity rela-
tion (2), inserting Tˆ = Tˆd + Tˆc there, while keeping in mind the permutations of particle
indices as in Eq. (1). The exact formulation of this is discussed in detail in the original
publication [34]. Here we restrict ourselves of mentioning that piecewise comparison of all
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structures to those of Eq. (4) leads to eight independent matching relations. These can be
fulfilled simultaneously imposing
τˆ(σ(k)) = − (2pi)δ+(k2 −m2)τ(σ(k)) , (5)
B(q, p; s)−B†(q, p; s) = iv(Q, q)(2pi)δ+(Q2 −m2)v(Q, p) , (6)(
τ †(σ(k))
)−1
−
(
τ(σ(k))
)−1
= i
∫
d4K¯
2(2pi)2
δ+
((
P˜ + K¯
)2
−m2
)
δ+
((
P˜ − K¯
)2
−m2
)
(7)(
v
(
P˜ + K¯, P˜ − K¯
))2
,
where P˜ := (P − k)/2 and Q := P − p− q. The direct consequence of the above relations
is that the number of unknown in the integral equation defining the three-to-three scattering
amplitude (1) is naturally reduced from three (τˆ , B, τ ) to two (τ , B). The remaining two can
be determined using twice subtracted dispersion relation w.r.t the invariant mass of the two-
body system (σ) as well an un-subtracted dispersion relation in Q2, respectively. The exact
integral representation of B and τ is given in the original publication [34] and resembles
the one-particle exchange as well as a fully dressed isobar propagator. In both cases a real-
valued function can be added, without altering the discontinuity relations and, thus, being
allowed by the unitarity constraint discussed here.
The above considerations finalize the form of the three-to-three scattering amplitude as de-
manded by three-body unitarity and compositeness principle. It is a fully relativistic three-
dimensional integral equation, which becomes a coupled-channel equation when more than
one isobar is considered for the parametrization of the two-to-two scattering. The parame-
ters of these isobars (subtraction constants) can be fixed from the two-body scattering data,
while the real part of B(q, p; s) has to be fixed from the three-body data. The application of
this approach to systems like the a1(1260) with two isobars, i.e., isovector and isoscalar pipi
channels, is work in progress.
3. Three-Body Scattering in Finite Volume
As discussed in the introduction, one of the main goals for the present investigations on the
unitarity constraints on three-body systems is the derivation of the finite-volume spectrum
in such systems. To re-iterate, the main idea is that unitarity fixes the imaginary parts of the
amplitude, which themselves lead to the power-law dependence of finite-volume corrections.
To begin, we note that since v (the isobar dissociation vertex into asymptotically stable
particles) is a cut-free function in momenta, it will not lead to any power-law finite-volume
effects. Thus, the desired quantization condition will be entirely derived from the part in
brackets of the second line of Eq. (1). The non-trivial part of this expression is the isobar-
spectator scattering amplitude T , which in integral form reads
T (q, p; s) = B(q, p; s)−
∫
d3l
(2pi)3
B(q, l; s)
τ(σ(l))
2E(l)
T (l, p; s) , (8)
where the parameters of the isobar-propagator τ can be fixed from two-body scattering data,
defining the two-to-two scattering amplitude via T22 := vτv.
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Figure 2: Left: isobar propagator τ in the finite volume (blue line) and the real part of the infinite
volume one (red dashed line) for a given boost l = (0, 0, 2pi/L) and L = 3.5 fm. The gray
dashed line denotes the onshell-condition of two particles (σ(l) = (2M)2), whereas the gray area
represents the energy range for which σ(l) ≤ 0. Right: Red dashed line (green dotted line)
represent real (imaginary) part of the infinite-volume S-wave projection of the isobar-spectator
interaction kernel B. In comparison, the finite-volume projection BA
+
1 for the transition from shell
1 to shell 1 at L = 6 fm (blue dots).
In the finite cubic volume with periodic boundary conditions the momenta are discretized.
In particular, in a cube of a size L only the following three-momenta are allowed (organized
by “shells”)
qni =
2pi
L
ri for {ri ∈ Z3|r2i = n, i = 1, . . . , ϑ(n)} . (9)
where ϑ(n) = 1, 6, 12, . . . indicates the multiplicity (number of points in shell n = 0, 1, 2, . . . )
that can be calculated as described, e.g., in Refs. [32, 35]. In principle, replacing all mo-
menta in Eqs. (1, 8, 12) including the replacement of the appearing integrals over solid angle
as
∫
dΩpn → 4piϑ(n)
∑ϑ(n)
i=1 leads to a generic three-body quantization condition – an equation
which determines the positions of singularities of such an amplitude in energy. However,
several subtleties arise from the breakdown of the spherical symmetry on the lattice, which
we wish to discuss in the following.
First of all, the isobar propagator in the second line of Eq. (12) is evaluated in the isobar
center-of-mass frame. In the finite volume, however, the allowed momenta given by Eq. (9)
are defined in the three-body rest frame at P = 0. For the calculation of the finite-volume
self-energy one, therefore, has to boost the momenta to the isobar rest frame. In this con-
text it is important to recall that the two-body sub-system can become singular when the
invariant mass of the system becomes real, see, e.g., Fig. 2. The tower (for all spectator
momenta in question) of two-body singularities has to cancel such that only genuine three-
body singularities remain in the final expression. As it is shown analytically in the original
publication [30], such cancellation occur in the full quantization condition when all terms
(including disconnected topology Tˆd) and boosts are taken into account accordingly.
Another important observation w.r.t the breakdown of spherical symmetry is that the isobar-
spectator interaction kernel is singular for specific combination of momenta and energies.
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Expressed differently, when projecting to a partial wave in infinite volume, this term devel-
ops an imaginary part below threshold as presented for the S-wave projection of B in Fig. 2.
Thus, in finite volume the same term has to have a series of singularities in this region. This
indeed happens when projecting B to the corresponding irreducible representation (A+1 for
the depicted case) of the cubic symmetry group Oh. Furthermore, the projection to irreps
of Oh of the three-body scattering amplitude has two additional advantages. For once, the
results of Lattice QCD calculation are usually projected to these irreps. Additionally, the
projection to different irreps reduces the dimensionality of the three-body scattering ampli-
tude and therefore also that of the quantization condition in the finite volume.
There are various ways of projecting to definite irreps in the finite volume. In Ref. [32] a
method has been developed, which has a form very similar to the usual partial-wave projec-
tion in infinite volume. We refer the reader for more details on the construction techniques
of this method to the original publication [32], and quote here only the corresponding result.
A given function f s(pˆj) acting on momenta of the shell s can be expanded as
f s(pˆj) =
√
4pi
∑
Γα
∑
u
fΓαsu χ
Γαs
u (pˆj) for f
Γαs
u =
√
4pi
ϑ(s)
ϑ(s)∑
j=1
f s(pˆj)χ
Γαs
u (pˆj) , (10)
where Γ, α, and u denote the irrep, basis vector of the irrep and the corresponding index,
respectively. In these indices the functions χΓαsu build an orthonormal basis of functions
acting on momenta on the shell s.
Using the projection method presented above our final result for three-body quantization
condition for the irrep Γ reads
Det
[
BΓss
′
uu′ (W
2) +
2Es L
3
ϑ(s)
τs(W
2)−1δss′δuu′
]
= 0 , (11)
where W is the total energy of three-body system, Es =
√
p2i +M
2 and τs(W 2) :=
τ(σ(pi)) for any three-momentum on the shell s. Note that the determinant is taken with
respect to a matrix in shell-indices (s, s′), as well as basis indices (u, u′) of the functional
basis to the irrep Γ, whereas the dependence on α drops off naturally. To demonstrate the
usefulness of the derived quantization condition we fix m = 139 MeV and L = 3.5 fm.
Furthermore, we assume one S-wave isobar with v(p, q) := λf((p − q)2) with f such that
it is 1 for (p − q)2 = 0 and decreases sufficiently fast for large momentum difference, e.g.,
f(Q2) = β2/(β2 + Q2) to regularize integrals of the scattering equation. Note that one is
not obliged to use form factors but can instead formulate the dispersive amplitude through
multiple subtractions rendering it automatically convergent, see Eq. (14) in Ref. [34]. This
leads to
B(q, p; s) =
−λ2f((P − q − 2p)2)f((P − 2q − p)2)
2E(q + p) (W − E(q)− E(p)− E(q + p) + i) + C(q, p; s) , (12)
1
τ(σ(l))
=σ(l)−M20 −
∫
d3k
(2pi)3
λ2(f(4k2))2
2E(k)(σ(l)− 4E(k)2 + i) ,
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Figure 3: The red lines show finite-volume energy eigenvalues for L = 3.5 fm and M = 139 MeV.
The doted gray vertical lines show the positions of singularities of τ for all used boost momenta,
while the dashed green vertical lines show the position of non-interacting energy eigenvalues of
three particles.
where C is a real-valued function of total energy and both spectator momenta, while M0 is
a free parameter that is fixed (together with λ and β) to reproduce some realistic two-body
scattering data. In the present case we take the experimental phase-shifts for the pipi scatter-
ing in the isovector channel for demonstration, and fix C = 0 and Γ = A+1 for simplicity.
The result of the numerical investigation is depicted in Fig. 3. It shows the non-interacting
levels of the three-body system (green, dashed lines) along with the solutions of the quanti-
zation condition (11) (full, red lines) representing the interacting energy eigenvalues. Since
χA
+
1 = 1/
√
4pi the dimensionality of the matrix is given entirely by the set of considered
shells. We have checked that using more than 8 first shells does not lead to visible change
of the position of the interacting levels. Constraining ourselves to these shells is equivalent
to a momentum cutoff of ∼ 1 GeV for the given lattice volume. Note also that the range
of applicability of the quantization condition is, in principle, also restricted by construction,
due to missing intermediate higher-particle states. The later is common to all present studies
of the three-body in finite volume, and has to be eased at some point in future. However, this
study demonstrates clearly the usefulness and practical applicability of the derived quantiza-
tion condition. Further studies, such as volume dependence and inclusion of multiple isobars
are work in progress.
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3.10 Study of the Processes e+e− → KK¯npi with the CMD-3 Detector at
VEPP-2000 Collider
Vyacheslav Ivanov (on behalf of CMD-3 Collaboration)
Budker Institute of Nuclear Physics
Novosibirsk, 630090 Russia
Abstract
This paper describes the preliminary results of the study of processes of e+e− annihilation
in the final states with kaons and pions with the CMD-3 detector at VEPP-2000 collider. The
collider allows the c.m. energy scanning in the range from 0.32 to 2.0 GeV, and about 100
pb−1 of data has been taken by CMD-3 up to now. The results on theK+K−pi+pi−, K+K−η,
K+K−ω(782) and K+K−pi0 final states are considered.
1. Introduction
A high-precision measurement of the inclusive e+e−→ hadrons cross section is required for
a calculation of the hadronic contribution to the muon anomalous magnetic moment (g−2)µ
in the frame of the Standard Model. To confirm or deny the observed difference between the
calculated (g − 2)µ value [1] and the measured one [2], more precise measurements of the
exclusive channels of e+e−→ hadrons are necessary. The exclusiveKK(n)pi final states are
of special interest, since their producltion involves rich intermediate dynamics which allows
the test of isotopic relations and measurement of intermediate vector mesons parameters.
In this paper we describe the current status of the study of e+e−→K+K−pi+pi−, K+K−η,
K+K−ω(782) and K+K−pi0 processes with the CMD-3 detector at VEPP-2000 collider
(Novosibirsk, Russia), based on about 20 pb−1 of data, collected in the runs of 2011-2012
years, and about 50 pb−1 in the runs of 2017 year. The preliminary results for φ(1680) meson
parameters were obtained from K+K−η cross section fitting. We see also the indication on
non trivial behavior of e+e−→K+K−pi+pi− process cross section at pp¯ threshold.
2. VEPP-2000 collider and CMD-3 detector
The VEPP-2000 e+e− collider [3] at Budker Institute of Nuclear Physics covers the Ec.m.
range from 0.32 to 2.0 GeV and employs a technique of round beams to reach luminosity up
to 1032 cm−2s−1 at Ec.m.=2.0 GeV. The Cryogenic Magnetic Detector (CMD-3) described
in [4] is installed in one of the two beam interaction regions. The tracking system of the
CMD-3 detector consists of a cylindrical drift chamber (DC) and a double-layer cylindri-
cal multiwire proportional Z-chamber, installed inside a superconducting solenoid with a
1.0–1.3 T magnetic field (see CMD-3 layout in Fig. 1). Amplitude information from the
DC wires is used to measure the specific ionization losses (dE/dxDC) of charged parti-
cles. Bismuth germanate crystals of 13.4 X0 thickness are used in the endcap calorimeter.
The barrel calorimeter, placed outside the solenoid, consists of two parts: internal (based
on liquid Xenon (LXe) of 5.4 X0 thickness) and external (based on CsI crystals of 8.1 X0
thickness) [5].
The physics program of CMD-3 includes:
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Figure 1: The CMD-3 detector layout: 1 - beam pipe, 2 - drift chamber, 3 - BGO endcap calorime-
ter, 4 - Z-chamber, 5 - superconducting solenoid, 6 - LXe calorimeter, 7 - time-of-flight system, 8
- CsI calorimeter, 9 - yoke.
• precise measurement of the R = σ(e+e−→hadrons)/σ(e+e−→µ+µ−), neccessary
for clarification of (g − 2)µ puzzle;
• study of the exclusive hadronic channels of e+e− annihilation, test of isotopic relations;
• study of the ρ, ω, φ vector mesons and their excitations;
• CVC tests: comparison of isovector part of σ(e+e−→hadrons) with τ lepton decay
spectra;
• study of GE/GM of nucleons near threshold;
• diphoton physics (e.g. η′ production).
3. Study of e+e−→KK(n)pi Processes
(a) Charged Kaon/Pion Separation
The starting point of the analysis of the final state with charged kaons and pions is
the kaon/pion separation, and to perform it we use the measurement of the specific
ionization losses dE/dx of particles in the DC. For the event with ntr DC-tracks the
log-likelihood function (LLF) for the hypothesis that for i = 1, 2, ..., ntr the particle
with the momentum pi and energy losses (dE/dx)i is the particle of αi type (αi = K
or pi) is defined as
L(α1, α2, ..., αntr) =
ntr∑
i=1
ln
(
fαi(pi, (dE/dx)i)
fK(pi, (dE/dx)i) + fpi(pi, (dE/dx)i)
)
, (1)
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where the functions fK/pi(p, dE/dx) represent the probability density for charged kaon/pion
with the momentum p to produce the energy losses dE/dx in the DC. To perform the
particle identification (PID) we search for the (α1, α2, ..., αntr) combination (with two
oppositely charged kaons and zero net charge) that delivers the maximum to LLF. In
what follows we use L2K(ntr−2)pi designation for the LLF maximum value. The cut on
L2K(ntr−2)pi value is used to avoid misidentification.
Unfortunatelly, the described (dE/dx)DC-based separation for single kaons and pions
works reliably only up to the momenta p < 450 MeV/c, see Fig. 2. For the K+K−,
K+K−pi0,K+K−pi0pi0 andKSK±pi∓ final states studies we are developing other tech-
nique based on the dE/dx in 14 layers of LXe-calorimeter, see detailed description
in [6].
(b) Study of the e+e−→K+K−pi+pi− Process
The study of e+e−→K+K−pi+pi− process has been performed on the base of 23 pb−1
of data, collected in 2011-2012. The events with 3 and 4 DC-tracks were considered
with the kaon/pion separation using the LLF maximization and cuts on L2K2pi and
L2Kpi, see Fig. 3. For the class of events with 4 tracks the pure sample of signal events
was selected using energy-momentum conservation law (see Fig. 4). For the 3-tracks
class the signal/background separation was performed by the fitting of energy disbal-
ance ∆E3+1≡EK+ +EK− +Epi +
√
m2pi + (~pK+ + ~pK− + ~ppi)
2−√s distribution, see
Fig. 5. In total we selected about 24000 of signal events.
Figure 2: The (dE/dx)DC distribution for the
simulated kaons and pions in K+K−pi+pi− final
state.
Figure 3: The L2K2pi distribution for the 4-
tracks events for data (open histogram) and
K+K−pi+pi− simulation (blue histogram).
The cut L2K2pi > −3.0 is applied to avoid
misidentification. All c.m. energy points are
combined.
The cross section measurement for e+e−→K+K−pi+pi− process requires the ampli-
tude analysis of the final state production. The major intermediate mechanisms were
found to be:
• f0(500, 980)φ(1020);
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Figure 4: The energy disbalance vs. total mo-
mentum for the 4-tracks events after kaon/pion
separation (data, Ec.m. = 1.98 GeV). The events
inside the frame are considered to be signal.
Figure 5: The signal/background separa-
tion by fitting the energy disbalance distri-
bution for 3-tracks events (data, Ec.m. =
1.98 GeV).
• ρ(770)(KK)S−wave;
• (K1(1270, 1400)K)S−wave→(K∗(892)pi)S−waveK;
• (K1(1400)K)S−wave→(ρ(770)K)S−waveK.
The relative amplitudes of these mechanisms at each c.m. energy point were found
using the unbinned fit of the data, see the Monte-Carlo-data comparison after the fit in
Figs. 6a– 6d.
The results for the cross section measurement, based on the runs of 2011-2012 (pub-
lished in [7]), are shown in Fig. 7. The preliminary results of the analyzis of new data
of 2017 show a drop of about 10% in the visible cross section at pp¯ threshold (see
Fig. 8), similar to that in e+e−→3pi+3pi− cross section [9]. Such a drop at pp¯ thresh-
old is firstly observed in the final state with kaons, and, being confirmed, will require
theoretical explanation.
(c) Study of the e+e−→K+K−η, K+K−ω(782) processes
The study of e+e−→K+K−η, K+K−ω(782) processes has been performed on the
base of 19 pb−1 of data, collected in 2011-2012. In these two analyzes the η and
ω(782) were treated as the recoil particles. The events with 2, 3 and 4 DC-tracks were
considered. The kaon/pion separation was performed using the LLF maximization and
cuts on L2K , L2Kpi and L2K2pi, see Fig. 9. The K+K−pi+pi− final state dominates the
background in 3 and 4-tracks classes, but we suppress it’s contribution by the cuts on
the 2Kpi and 2K2pi missing masses, see Fig. 10. Since we observed only φ(1020)η
intermediate mechanism of K+K−η production, we applied the cut on the K+K−
invariant mass to select the φ(1020) meson region, see Fig. 11. The signal/background
separation in both processes is performed by approximation of the K+K− missing
mass distribution, see Fig. 12. The preliminary results for the cross sections are shown
in Figs. 13–14.
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Figure 6: The distributions of the K±pi∓ (a), pi+pi− (b), K+K− (c) invariant masses and the
angle between momenta of kaons (d). Data (points) and simulation (open histogram) for Ec.m. =
1.95 GeV.
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Figure 7: The e+e−→K+K−pi+pi− cross section, measured on the base of the runs of 2011-2012
years (black circles), along with the BaBar results (open bars) [8].
Since the φ(1020)η production is dominated by φ(1680) meson decay, the approxima-
tion of the e+e−→φ(1020)η cross section allows us to measure the φ(1680) parameters.
We perform the approximation using the following formula:
F (s) =
∣∣∣∣∣Anon−φ′(s)eiΨ +
√
(Γφ
′
eeB(φ′→φη))Γφ′m3φ′
|~pφ(mφ′)|3 Dφ
′(s)
∣∣∣∣∣
2
. (2)
In these formulae Dφ′(s) = 1/(s − m2φ′ + i
√
sΓφ′(s)) and Dφ(p2φ) = 1/(p
2
φ − m2φ +
i
√
p2φΓφ(p
2
φ)) are the inverse denominators of the φ and φ
′ propagators, |~pφ(
√
s)| is the
momentum of the φ in the φ′→φη decay in φ′ rest frame, |~pK(
√
p2φ)| is the momentum
of the kaon in the φ→K+K− decay in φ rest frame, θnormal is the polar angle of the
normal to the plane, formed by the ~pK+ and ~pK− vectors, dΦK+K−η is the element of
three-body phase space, the function Anon−φ′(s) = a/s is introduced to describe the
possible contribution of the resonances apart from φ′ (a is a constant), Ψ is the relative
phase between two amplitudes. The results of the fit, shown in the Table 1, are in good
agreement with those in BaBar study [10].
For the σ(e+e−→K+K−ω(782)) approximation we used the shape, obtained from the
integration of the squared matrix element of e+e−→φ′→K+K−ω(782),
ω(782)→ρ±,0pi∓,0→pi+pi−pi0 decay chain over the 5-body phase space.
Table 1: The φ′ parameters obtained from the fit.
Parameter Value
χ2/n.d.f 46.3/33≈1.4
Γφ
′
eeB(φ′→φη),′ eV 163±37stat±6mod
mφ′ ,MeV 1690±12stat±3mod
Γφ′ ,MeV 327±88stat±14mod
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Figure 8: The visible cross section of e+e−→K+K−pi+pi− process with the drop at pp¯ threshold
(on the base of 2017 year runs).
(d) Study of the e+e−→K+K−pi0 Process
The study of e+e−→K+K−pi0 process has been performed on the base of 30 pb−1 of
data, collected in 2011-2012. The events with two oppositely charged DC-tracks and no
less than 2 photons with the Eγ > 40 MeV were considered. Then, assimung energy-
momentum conservation, the 4C-kinematic fit was performed with the χ24C < 35 cut,
see Fig. 15. The major background sources were found to be K+K−γ, K+K−2pi0,
KS,LK
±pi∓, pi+pi−pi0, pi+pi−2pi0. The suppression of these backgrounds was done us-
ing the training of BDT classifiers (see Fig. 16) with the following input variables: 1)
(dE/dx)DC; 2) momenta and angles of charged particles and photons; 3) missing mass
of K+K− system. The preliminary results for the e+e−→K+K−pi0 cross section are
shown in Fig. 17.
4. Conclusion
The current status of the study of processes of e+e−→KK(n)pi with the CMD-3 detector
was considered. The CMD-3 has alredy collected about 100 pb−1 of data and now is contin-
uing datataking to collect about 1 fb−1 in the next few years. We are in good disposition to
provide the best precision for the φ(1680) vector meson parameters and to perform the study
of KK(n)pi final states in all charge modes to test the isotopic relations between them. The
drop in the e+e−→K+K−pi+pi− cross section, seen in the preliminary analysis of the data
of 2017 year runs, is firstly observed in the final state with kaons, and, being confirmed, will
require theoretical explanation.
5. Acknowledgments
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Figure 9: The distribution of L2Kpi parameter
in the experiment and simulation of signal and
major background processes. All c.m. energy
points are combined.
Figure 10: The distribution of the 2K2pi miss-
ing mass in the experiment and simulation of
signal and major background processes. All
c.m. energy points are combined.
Figure 11: The distribution of K+K− invariant
mass in the experiment and simulation of sig-
nal and major background processes. All c.m.
energy points are combined.
Figure 12: The distribution of K+K− missing
mass in the experiment and simulation of sig-
nal and major background processes. All c.m.
energy points are combined.
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Figure 13: The results for the e+e−→K+K−η
cross section (red - CMD-3, preliminary; black
- BaBar [10]).
Figure 14: The results for the
e+e−→K+K−ω(782) cross section (red -
CMD-3, preliminary; black - BaBar [11]).
Figure 15: The distribution of the χ2 of the 4C-
kinematic fit of the events (red - experiment,
green - simulation of signal process). The en-
ergy points in range 1.54 GeV < Ec.m. <
1.65 GeV are combined.
Figure 16: The distribution of the BDT re-
sponse of the events (red - experiment, green
- simulation of signal process). The energy
points in range 1.5 GeV < Ec.m. < 1.58 GeV
are combined.
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Figure 17: The results for the e+e−→K+K−pi0 cross section (blue and red - CMD-3 2011-2012,
preliminary; black - BaBar [10]).
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3.11 The GlueX Meson Program
Justin Stevens (for the GlueX Collaboration
Department of Physics
College of William & Mary
Williamsburg, VA 23187, U.S.A.
Abstract
The GlueX experiment is located in Jefferson Lab’s Hall D, and provides a unique capabil-
ity to study high-energy photoproduction, utilizing a 9 GeV linearly polarized photon beam.
Commissioning of the Hall D beamline and GlueX detector was recently completed and the
data collected in 2017 officially began the GlueX physics program.
1. Meson Photoproduction
The GlueX experiment, shown schematically in Fig. 1, utilizes a tagged photon beam de-
rived from Jefferson Lab’s 12 GeV electron beam. Coherent bremsstrahlung radiation from
a thin diamond wafer, yields a linearly polarized photon beam with a maximum intensity
near 9 GeV. The primary goal of the experiment is to search for and ultimately study an un-
conventional class of mesons, known as exotic hybrid mesons which are predicted by Lattice
QCD calculations [1].
barrel
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Figure 1: A schematic of the Hall D beamline and GlueX detector at Jefferson Laboratory. The
DIRC detector upgrade will be installed directly upstream of the time-of-flight detector in the
forward region.
To pursue the search for exotic hybrid mesons in photoproduction the production of conven-
tional states, such as pseudoscalar and vector mesons, must first be understood. Previous
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Figure 2: Beam asymmetry Σ for (a) pi0 and (b) η photoproduction from Ref. [2].
measurements of pseudoscalar photoproduction at these energies are limited, especially for
the linearly polarized beam asymm try Σ. This asymmetry provides direct information on
the quantum numbers of the t−channel Reggeon exchange, with Σ = 1 for purely “natural"
exchange (e.g. JP = 1−) and Σ = −1 for “unnatural" exchange (e.g. JP = 1+). First
measurements from GlueX [2] indicate that the natural vector meson exchange is dominant
in this regime for pi0 and η meson production, as seen in Fig. 2. Further studies of the beam
asymmetry and polarization observables for other reactions will provide critical insights into
the meson photoproduction mechanisms in this energy regime.
2. DIRC Upgrade
As described above, an initial physics program to search for and study hybrid mesons which
decay to non-strange final state particles is well underway. However, an upgrade to the
particle identification capabilities of the GlueX experiment is needed to fully exploit its
discovery potential, by studying the quark flavor content of the potential hybrid states.
This particle identification upgrade for GlueX will utilize fused silica radiators from the
BaBar DIRC (Detection of Internally Reflected Cherenkov light) detector [3], with new,
compact expansion volumes to detect the produced Cherenkov light. The GlueX DIRC will
provide pi/K separation for momenta up to 4 GeV, significantly extending the discovery po-
tential of the GlueX program [4]. The charged kaon identification provided by the DIRC may
also yield useful identification of charged kaons for the KL beam facility (KLF) proposed
for Hall D [5]. This may be particularly relevant in the production of strange mesons from
the high momentum component of the KL beam, where the charged kaons are produced at
forward angles.
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3.12 Strange Meson Spectroscopy at CLAS and CLAS12
Alessandra Filippi
I.N.F.N. Sezione di Torino
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Abstract
The CLAS Experiment, that had been operating at JLAB for about one decade, recently
obtained the first high statistics results in meson spectroscopy exploiting photon-induced reac-
tions. Some selected results involving production of strangeness are reported, together with a
description of the potentialities of the new CLAS12 apparatus for studies of reactions induced
by quasi-virtual photons at higher energies.
1. Introduction
The identification of states containing open and hidden strangeness is still an open issue
in light meson spectroscopy investigations. Apart form a handful of confirmed states, still
little is known, for instance, about the radial excitations of the φ(1020) meson, and even
less about strangeonia with quantum numbers other than 1−−. Below 2.1 GeV just about
half the open strangeness kaonia states (composed by a strange and a light quark) expected
by the Constituent Quark Model (CQM) [1] have been observed so far, while less than ten
strangeonia states, mesons of s¯s structure, have been steadily observed out of a total of at
least 20 expected states.
Nonetheless, the knowledge of the properties of such states can provide important inputs for
hadron spectroscopy. Strangeonia, in fact, feature an intermediate mass between the heavier
systems where the quark model is approximately valid and the lighter meson sector. Unfor-
tunately, their experimental signatures are less clear as compared to charmonium states, as
they are broader and lie in a mass range where the overlap probability with other light quark
states is very strong, and moreover most of the decay channels modes are shared among all
of them.
To further complicate the problem, in the same mass region some other structures of exotic
composition (q¯qg states, known as hybrids, ggg states, the so-called glueballs, or even molec-
ular states of multi-quark composition) are expected by QCD. Recent QCD calculations on
the lattice are able to predict most of the conventional meson spectrum in good agreement
with experimental findings [2]; these confirmations of course strengthen the confidence in
their predictive power for the searches of new states. According to these calculations, the
lightest hybrids and glueballs are predicted in the 1.4–3 GeV mass range: namely, at 2 GeV
for the lightest JPC = 0+− state, and at 1.6 GeV for the 1−+ one. This is actually the mass
region where signatures of still unobserved strangeonia or kaonia are expected to show up,
and indeed a number of candidates for exotics has been suggested over the years, still all
awaiting for confirmation, fitting the same slots where strangeonia would be expected.
The use of photons as probes to study strangeness was not used extensively in the past due
to the small production rates, and the lack of beams of suitable intensity and momentum
resolution. In fact, the production of strange quarks in a non-strange environment involves
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disconnected quark diagrams whose occurrence is suppressed as a consequence of the OZI
rule. However, a good step forward is expected from the results obtained with the pho-
ton beam produced by brehmsstrahlung from the continuous electron beam at the CEBAF
machine at JLAB.
Smoking guns for the existence of open and hidden strangeness states would by their obser-
vations in the φη or φpi invariant mass systems [3]; especially in the first case, due to the
strange content of the η meson, the production of strangeness should be eased [4]. A typical
diagram for the photoproduction of the φη final state is shown in Fig. 1.
Figure 1: Quark line diagram for the photoproduction of the φη final state.
Very few events in these channels have been observed so far; however, there is a good pos-
sibility, as will be shown in Sec. 5, that in the upcoming meson spectroscopy experiment at
CLAS12 good samples of such reactions could be collected, opening therefore new oppor-
tunities to widen the knowledge of this sector of the meson spectrum.
2. Meson Spectroscopy Studies in Photon Induced Reactions
Several reactions and beams have been exploited so far for meson spectroscopy searches:
among most important, high-energy meson (mainly pion) and proton beams, based on the
peripheral and central production mechanisms, antinucleon annihilation at rest and in flight,
which convey the formation of a gluon-rich environment suitable for glueball production,
and e+e− annihilation. The latter reaction has been studied extensively since the LEP era,
and is an environment where also γγ collisions can be measured, which provide quite useful
information as they are a natural anti-glueball filter. The e+e− annihilation differs from
hadronic reactions for the fact that only 1−− systems can be formed, so these reactions
provide naturally a powerful quantum number selection.
On the other hand, the use of electromagnetic probes, and in particular of photons, in fixed
target reactions was not used very extensively for meson spectroscopy purposes, as mean-
tioned earlier. Nevertheless, electromagnetic reactions could deliver important complemen-
tary information. In fact, first of all, electromagnetic processes can be exactly reproduced to
a high level of precision through QED diagrams thanks to the smallness of the electromag-
netic coupling, which is prevented in the case of strong interactions. Moreover, photons can
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excite with larger probability the production of spin-1 mesons as compared to pion or kaon
induced reactions, since in the latter case a spin-flip is required. Therefore, the production
of vector hybrid mesons could occur in photoproduction reactions with a rate comparable to
those of conventional vector mesons [3, 4]. This feature applies not only to hybrids, but also
to spin-1 s¯s excitations.
3. Selected Results from CLAS
The CLAS apparatus, which had operated up to 2010, is described in detail elsewhere [5].
In the following some selected results from recent meson spectroscopy papers involving
strangeness production will be summarized, in connection with some still open issues.
(a) The Scalar Glueball Search Case
In spite of the efforts by the experiments in the early Nineties, in particular those study-
ing antinucleon annihilations, like Crystal Barrel and OBELIX, the full composition of
the scalar meson sector is not completely clear yet. Observations have been made
of several mesons whose existence was not foreseen by the CQM; one of them, the
f0(1500), seemed to have the right features as lightest scalar glueball candidate [6].
Among these, the most important is the fact that it was observed to decay in several
channels, a clear hint to its flavor-blindness. However, more data are still desirable to
confirm these properties as several other structures tentatively identified as scalars as
well. All the existing observations make the interpretation of the scalar sector diffi-
cult, since it is populated more than expected by broad and overlapping states. In this
mass region one should also recall the existence of the σ state (also known as f0(600)),
corresponding to a very broad pipi non-resonant iso-scalar S-wave interaction, whose
nature and properties are still unclear. Also scarcely known are the features of the κ,
the analogous of σ observed in the KK channel.
A search was carried on in CLAS exploiting the γp → pK0SK0S reaction [7], with real
photons of energy in the ranges (2.7 − 3) and (3.1 − 5.1) GeV. The K0S were fully
reconstructed through their decay in two pions, while the proton was identified from
the event missing mass. A strong correlation between the two K0S was found, which
allowed to collect a clean sample of good statistics, enough to perform selections in
momentum transfer t(= Q2). The selection in t is useful to understand the produc-
tion mechanism of the intermediate states: small values of momentum transfers are
correlated to a dominant production from the t-channel, while s-channel production is
characterized by a wider range of transferred momenta. Fig. 2 shows the distributions
of the (K0SK
0
S) invariant mass system, after proper background subtraction, in two mo-
mentum transfer ranges: for |t| < 1 GeV2 on the left side, and for |t| > 1 GeV2 on
the right. A clean peak at about 1500 MeV appears in the first case, while at larger
momentum transfer no evidence for it can be observed. This means that the structure at
1500 MeV, a possible indication for the f0(1500) observed in its K0SK
0
S decay mode,
is predominantly produced via t-channel. This observation could support its possible
interpretation as glueball.
In order to fully characterize the features of this state a complete spin-parity analysis of
the sample is required. Unfortunately, the task is not straightforward due to the limited
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Figure 2: Invariant mass of the (K0SK
0
S) system for events selected in the γp→ pK0SK0S reaction,
in two momentum transfer ranges: left, for |t| < 1 GeV2, right for |t| > 1 GeV2.
apparatus acceptance at small forward and backwards angles. Nonetheless, an angular
analysis was attempted to test which of the spin-parity hypotheses for the events in the
peak region would provide a better fit to the Gottried-Jackson angular distributions.
We recall that a (K0SK
0
S) bound system may just have J
PC = (even)++ quantum
numbers, so the spin 0 and 2 hypotheses need to be tested. An example of angular
distribution is reported in Fig. 3, in a (K0SK
0
S) mass window centered at 1525 MeV. The
curves superimposed to the experimental data show the contributions of S andD waves
(blue and red, respectively) to the total fit (green). The D-wave contribution plays a
marginal rôle, larger for masses higher than 1550 MeV, from which one can deduce
that the scalar hypothesis for the observed resonance is mostly supported; therefore, it
can be more easily identified as the f0(1500).
Figure 3: Gottfried-Jackson angular distribution forK0SK
0
S events selected in the 1525 MeV invari-
ant mass slice, with superimposed the expected trend, on the basis of Monte Carlo simulations, for
production from S wave (blue), D wave (red), and the global fit with the two components (green).
(b) The Axial/Pseudoscalar Sector at 1.4 GeV Case
Kaonia radial excitations were widely studied in the past together with η excitations in
the same mass range, to search for possible exotic states. Many observation of η’s and
f1 mesons have been reported since the Sixties, when the issue of the overlap of many
axial and pseudoscalar states and the difficulty of their identification posed the so-called
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E/ι puzzle [8]. While annihilation experiments, and in particular OBELIX, could
provide a solution to this puzzle addressing the production of several pseudoscalar
and axial states, high statistics photoproduction reactions are expected to deliver new
complementary information which will be able to improve the knowledge in this sector.
A systematic study was performed by CLAS to study the photoproduction of states,
decaying into ηpi+pi− and K0K±pi∓ and recoiling against a proton, in the γp reaction
with photons in the energy range (3 − 3.8) GeV [9]. Fig. 4 shows the missing mass
plot of the system recoiling against a proton for γp→ pηpi+pi− selected events, where
a clean signal due to the η′(958) appears, together with a structure at about 1280 MeV,
that can tentatively be identified as the f1(1285).
Figure 4: Missing mass recoling against a proton for events selected in the γp→ pηpi+pi− reaction.
Concerning the reaction witk kaons, the K± were identified by CLAS through time of
flight techniques, while the K0 via the missing mass information. The missing mass
plots for the system recoiling against the proton for events selected in the two channels
γp→ pK0K+pi− and γp→ pK0K−pi+ are shown, respectively, in Fig. 5(a) and (b).
Figure 5: Missing mass recoling against a proton for events selected in the a) γp → pK0K+pi−
and b) γp→ pK0K−pi+ reactions.
In both of them a clear peak appears at about 1.3 GeV, but no further evidence for
higher mass states that could be addressed to additional pseudoscalar states, like the
η(1405) and η(1470), or to axial states, as the f1(1420) of f1(1510), is present.
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From the richest ηpi+pi− sample, one can get information for the identification of the
observed state. There are a few hints that support the identification as axial f1(1285)
against the pseudoscalar η(1295). The first one is given by the values obtained for the
mass and width of the signal, M = (1281.0 ± 0.8) MeV and Γ = (18.4 ± 1.4) MeV,
which are closer to those already observed for f1(1285) [10]. The ratio itself of the
decay rates in ηpi+pi− versus KKpi, that amounts to about five, is consistent with the
value quoted by PDG for the f1(1285) decays, while no such ratio was ever measured
for η(1295) [10].
The second hint is given by the trend of the differential cross section, for events selected
in the band of η′(958) and around 1280 MeV: as shown in Fig. 6, the two are remarkably
different as a function of the center-of-mass angle, indicating a different production
mechanism and possibly a different spin configuration of the produced state.
Figure 6: Differential cross section of the γp→ ηpi+pi−p reaction for events selected in the η′(958)
mass band (red open points) and the f1(1285) one (blue points). The energy in the center of mass
is fixed at 2.55 GeV.
The comparison of the cross sections for events in the 1280 MeV band with the ex-
pectations from t-channel based models [11–13], shown in Fig. 7, indicates clearly a
poor match with this production hypothesis: a substantial contribution from s-wave
could be needed, or a mechanism different from meson exchange involving N∗ excita-
tions or KK∗ molecular interactions. In both cases the identification of the structure as
f1(1285) would get larger support.
4. Prospects for CLAS12
The CLAS12 spectrometer, an upgraded version of CLAS, is a multipurpose facility dedi-
cated to hadron physics studies, from nuclear properties and structure to meson spectroscopy
investigations. A full description of CLAS12 is given elsewhere [14]. A second experiment
installed on the CEBAF machine, GlueX, is operating in parallel with a program fully com-
mitted to meson spectroscopy [15].
Due to the increased beam energy, as compared to the previous installation, the CLAS12
spectrometer has a more compact structure, which limits its geometric acceptance, although
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Figure 7: Differential cross sections of the γp → ηpi+pi−p reaction for events selected in the
f1(1285) mass band in two center-of-mass energy bins (left: 2.45 GeV, right: 2.85 GeV), compared
with a few t-channel exchange based models (none of which matches the experimental points):
solid red line from Ref. [11], blue dashed line from Ref. [12], black dotted line from Ref. [13].
allowing an acceptable hermeticity. However, its detectors feature better momentum resolu-
tion and particle identification capabilities as compared to GlueX, therefore the two experi-
mental setups offer complementary qualities.
While GlueX will use a real photon bremsstrahlung beam, this is not be possible for CLAS12
as the bending dipole magnet available in Hall B will not be powerful enough to steer the
11 GeV electron beam into the tagger beam dump. A new technique was therefore con-
ceived to produce a photon beam for the study of photoproduction reactions, based on elec-
tron scattering at very low transferred momentum (Q2 < 10−1 GeV2). In this situation the
electrons are scattered at very small polar angles, and the reaction on protons is induced by
quasi-real photons. A dedicated part of the CLAS12 apparatus, the Forward Tagger, was
devised to detect these forward scattered electrons. For momentum transfers in the interval
0.01 < Q2 < 0.3 GeV2, the electrons scattered between 2.5◦ and 4.5◦ in polar angle in
the lab have an energy in the 0.5–4.5 GeV range, being produced by the interaction of 6.5–
10.5 GeV quasi-real photons on protons. Measuring the electron momentum, each virtual
photon can be tagged. The use of the CLAS12 spectrometer to measure in coincidence the
particles produced in the photoproduction reaction will allow to perform a complete event
recontruction, necessary for meson spectroscopy studies. With this tagging technique one
can measure also the virtual photon polarization, that is linear and can be deduced, event by
event, from the energy and the angle of the scattered electron. The systematic uncertainty
affecting the polarization depends only on the electron momentum resolution. High electron
currents may be used, therefore a good luminosity can be obtained even with thin targets,
that are not operable with real photon bremsstrahlung beams. For instance, using a 5 cm
long LH2 target, the resulting hadronic rate will be equivalent to that achievable by a real
photon flux of about 5× 108γ/s.
The Forward Tagger equipment, described in detail in Ref. [16], is located about 190 cm
away from the target and fits within a 5◦ cone around the beam axis. It is made up of:
• an electromagnetic calorimeter (FT-Cal): composed by 332 PbWO4 crystals, 20 cm
long and with square 15 × 15 mm2 cross-section. It is used to identify the scattered
electron and measure its energy, from which the photon energy and its polarization can
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be deduced (the polarization being given by −1 ∼ 1 + ν2/(EE ′), where ν = E − E ′
is the photon energy, and E and E ′ the energies of the incident and of the scattered
electron, respectively). It is also used to provide a fast trigger signal. Its expected
design resolution is σE/E ∼ (2%/
√
E(GeV)⊕ 1%);
• a scintillator hodoscope made of plastic scintillator tiles: located in front of the calorime-
ter, is used to veto photons; its spatial and timing resolution is required to be compara-
ble with FT-Cal’s;
• a tracker: located in front of the hodoscope and composed by Micromegas detectors, is
used to measure the angle of the scattered electron and the photon polarization plane.
A sketch of the Forward Tagger region is shown in Fig. 8.
Figure 8: Schematic view of the Forward Tagger equipment, to be hosted in CLAS12.
5. Strange Meson Spectroscopy with CLAS12
The Meson-EX experiment at CLAS12 (Exp-11-005 [17]) was proposed to study of the
meson spectrum in the 1–3 GeV mass range through quasi-real photon induced reactions,
for the identification of gluonic excitations of mesons and other exotic quark configurations
beyond CQM. The use of the Forward Tagger will allow to identify the photoproduction
reaction on protons through the tagging of the forward scattered electron, while the full
CLAS12 apparatus will perform a complete reconstruction and identification of the charged
and neutral particles produced in the interaction. Some golden channels have been selected
as particularly suitable for the search of exotic or still unknown particles, whose production,
as mentioned before, will be favored in photoproduction especially in the case of spin 1
particles. In particular, for the search of hybrids with open strangeness and strangeonia,
the following channels are expected to provide interesting new indications: γp → φpi0p,
γp → φηp and γp → KKpip. For the first two, extensive simulations were carried over to
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test the feasibility of such measurements and the expected collectable statistics, in a 80-days
long data taking at the full CEBAF luminosity (∼ 1035 s−1cm−2) with a total expected trigger
rate for photoproduction reactions less than 10 kHz. Assuming an apparatus acceptance for
four track events of the order of 15%, it will be possible to collect as many as 3000 events per
10 MeV mass bin, for reactions with a cross section as small as 10 nb, expected for instance
for strangeonia production. This statistics is considered to be enough to perform detailed
partial-wave analysis studies.
More in detail, concerning the φη channel and the possible production of the φ(1850) exci-
tation, simulations showed that an overall acceptance of about 10% can be expected, due to
the coverage at small angles provided by the Forward Tagger electromagnetic calorimeter in
which the photons from the η decay can be detected. The full event would be reconstructed
identifying, in addition, at least one of the kaons from the φ decay and the recoiling proton,
the K− being identifiable through the reaction missing mass. A cross section on the order of
10 nb is tentatively expected, given an existing estimation by the CERN Omega Collabora-
tion [18] of about 6 nb at higher energies, for the production of φ(1850) and its decay in the
K+K− mode, whose branching ratio is expected to be about twice as large as compared to
φη.
On the other hand, concerning the φpi0 intermediate state which could be a possible source
of exotic systems, again a resonable detection efficiency could be achieved requiring a full
identification of the positive kaon from the φ and the reconstruction of the pi0 through two
photons in the Forward Tagged calorimeter. The negative kaon acceptance, largely reduced
as it bends inwards at small angles, therefore in a region of scarce detector coverage, can be
recovered identifying the particle via the missing mass information; this of course demands
again a good resolution on the photon energy. In these conditions, an acceptance similar to
those of more “conventional” intermediate states (composed for instance by pions only) can
be expected, with basically no impact by the chosen intensity of the magnetic field.
6. Conclusion
Nowadays many communities are involved all over the world in hadron spectroscopy stud-
ies, both from experimental and from the theoretical point of view. Experimental facilities
are presently delivering, and will deliver in the near future, large amounts of good quality
data that will allow to extract for the first time, from different reactions and experimental
environments, new information on many still unsolved issues.
Photoproduction experiments at JLab will play a big role in the coming future. At JLab,
GlueX and CLAS12 will provide data samples of unprecedented quality and richness. Their
contribution is expected to grow to sizeable relevance and have a big impact in the present
and future meson spectroscopy experimental scenario, complementing the information that
will be provided by e+e− collisions (by BESIII and BelleII), by pion induced interactions
(by COMPASS), by proton-proton interactions (at fixed target by LHCb, and in high-energy
pp collisions by ATLAS and CMS) and by antiproton-proton annihilations (by PANDA at
FAIR).
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Abstract
The pion-kaon scattering lengths are one of the most relevant quantities to study the dy-
namical constraints imposed by chiral symmetry in the strange-quark sector and hence, they
are a key quantity for understanding the interaction of hadrons at low energies. In this talk we
review the current status of their determination. After discussing the predictions expected from
chiral symmetry at different orders in the chiral expansion, we review current experimental and
lattice determinations. We then focus on the dispersive determination, based on a Roy-Steiner
equation analysis of pion-kaon scattering, and discuss in detail the current tension between the
chiral symmetry and dispersive solutions. We finish this talk providing an explanation of this
disagreement.
1. Introduction
Pion-kaon scattering is one of the simplest processes to test our understanding of the chiral
symmetry-breaking pattern in the presence of the strange quark. In particular, its low-energy
parameters, most notably the scattering lengths, encode relevant information about the spon-
taneous and explicit chiral symmetry breaking in this sector. Being low-energy observables,
their properties can be efficiently studied using the effective field theory of Quantum Chro-
modynamics (QCD) at low energies, Chiral Perturbation Theory (ChPT) [1–3], constructed
as a systematic expansion around the chiral limit of QCD in terms of momenta and quark
masses.
Pion-kaon scattering can be expressed in terms of two independent invariant amplitudes with
well defined isospin I = 1/2 and I = 3/2 in the piK → piK channel, namely T 1/2 and T 3/2.
Nevertheless, for convenience, it is useful to combine them in terms of isospin-even and -odd
amplitudes I = ±, which are defined as
Tab = δabT
+ +
1
2
[τa, τb]T
−, (1)
where a and b denote pion isospin indices and τa stand for the Pauli matrices. Both basis are
related by simple isospin transformations:
T 1/2 = T+ + 2T−, T 3/2 = T+ − T−. (2)
At leading order (LO) in the chiral expansion, i.e., in the expansion in pion and kaon masses
and momenta, the scattering amplitude is given by the Feynman diagram shown in Fig. 1a,
resulting in the well-known low-energy theorems for the S-wave scattering lengths, the am-
plitudes evaluated at threshold [3, 4]:
a−0 =
mpimK
8pi(mpi +mK)f 2pi
+O(m4i ), a+0 = O(m4i ), (3)
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Figure 1: (a) Leading-order diagrams for piK scattering in chiral perturbation theory. Kaon are
denoted by full, pions by dashed lines. (b) Next-to-leading-order diagrams depending on low-
energy constants L1−8.
where mi denotes the pion (mpi) or kaon (mK) mass. The isospin-odd scattering length
is hence predicted solely in terms of the pion and kaon masses as well as the pion decay
constant fpi, while the isospin-even one is suppressed at low energies. The LO ChPT value
for the pion-kaon scattering lengths is denoted by a star in Fig. 2, where the pion-kaon
scattering length plane is plotted in the I = 1/2 and I = 3/2 basis.
The pion-kaon scattering amplitude at next-to-leading order (NLO) was derived and studied
first in [5,6]. It involves one-loop diagrams, which might generate large contributions. Nev-
ertheless, they are suppressed at threshold and hence their role for the pion-kaon scattering
lengths is relatively small. In addition, the piK scattering amplitude depends at NLO on a
list of low-energy constants (LECs), conventionally denoted by L1−8, which, encoding in-
formation about heavier degrees of freedom, can not be constrained from chiral symmetry
solely, Fig. 1b. Once determined in one process, these LECs can subsequently be used to
predict others. The NLO pion-kaon scattering lengths were analyzed in detail in [5]. The
contribution from the LECs reads [5]:
a−0
∣∣
LECs
=
mKm
3
pi
pi(mpi +mK)f 4pi
L5 +O
(
m6i
)
, (4)
a+0
∣∣
LECs
=
m2Km
2
pi
pi(mpi +mK)f 4pi
(4(L1 + L2 − L4) + 2L3 − L5 + 2(2L6 + 2L8)) +O
(
m6i
)
.
On the one hand, whereas the NLO LECs contribution to the isospin-odd scattering length
is suppressed by a m3pi factor, the isospin-even scattering length is proportional to m
2
K . Thus,
one should expect a small higher-order correction in the chiral expansion for a−0 but a much
larger shift for a+0 . On the other hand, while the isovector scattering length only depends
on one LEC, L5, which is indeed well constrained from the pion and kaon mass and decay
constant values, the isoscalar scattering length involve seven LECs and hence sizable uncer-
tainties for this quantity associated with LECs errors are expected. The constraint imposed
by the isovector scattering length at NLO in ChPT is depicted by a dark-green band in Fig. 2,
where the central value and error for L5 is taken from the FLAG group estimate [7]. Note
that the small width of this band is completely determined by the L5 uncertainty. Further-
more, using the LECs collected in Table 1 in Ref. [8] (first column), one can also include
the NLO prediction for the isoscalar scattering length, which leads to the solid-red ellipse in
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Figure 2: Different determinations of the pion-kaon scattering lengths in the I = 1/2, I = 3/2
basis. The LO ChPT value, just a result of current algebra, is denoted by a star. The NLO prediction
of the isospin-odd scattering length is given by the dark-green band labelled as FLAG16. The
inclusion of the isospin-even scattering length, using the LECs provided in Ref. [8], leads to the
solid-red ellipse BE14 p4. The red dot-dashed ellipse, BE14 p6 Ci = 0, corresponds to the NNLO
chiral prediction when the O(p6) LECs are set to zero. The full NNLO result is represented by
the dashed-red ellipse, albeit, as explained in the text, this result is biased to reproduce the RS
dispersive values given in Ref. [10], solid-green ellipse. The NNLO results with O(p6) LECs
estimated by resonance saturation is denoted by the dashed-blue ellipse, RχPT p6. The universal
band obtained from the RS analysis performed in this work is given by the violet band. The
remaining experimental and lattice results are explained in the main text.
Fig. 2. As we have already anticipated, this ellipse is stretched out in the isoscalar direction
but shrunk in the isovector one.
One might wonder how stable are the NLO predictions against higher-order corrections. A
pion-kaon low-energy theorem [5] imposes higher O(m2ni ) contributions to the isospin-odd
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scattering length arising from contact terms to be at most:
a−0
∣∣
NnLO
∝ a−0
∣∣
LO
(
mpi
4pifpi
)2 (
mK
4pifpi
)2n
with n ≥ 2. (5)
Whereas the factor (mK/4pifpi) ∼ 0.2 is relatively large, the prefactor m2pi/(4pifpi)2 ∼ 0.015
suppresses higher order corrections by roughly two orders of magnitude, i.e., the isospin-
odd scattering length is protected from higher-order correction and hence one should expect
small deviations from the NLO ChPT prediction for a−0 .
The pion-kaon scattering amplitude at next-to-next-to-leading order (NNLO) in the chiral
expansion was derived in [9]. It involves a set of 32 new O(p6) LECs, the so called C1−32,
which unfortunately are still not well constrained from experiment. As a first step, one could
estimate the size of the NNLO chiral corrections by setting all the Ci to zero. Using for the
O(p4) Li the corresponding fit in [8], the outcome is the red dot-dashed ellipse plotted in
Fig. 2. This result is consistent with our previous statement, i.e., whereas the shift between
the NLO and NNLO ellipsis is small in the isovector direction, it is much larger in the
isoscalar one.
The Ci entering in pion-kaon scattering were also estimated in [8] by performing a global fit
to different pipi and piK observables. Nevertheless, among them, the dispersive determination
of the piK scattering lengths in [10] was used as constraint. Consequently, the full O(p6)
results in [8] are not a genuine ChPT prediction but they are biased to satisfy the results
given in [10]. The scattering length results in [8] and [10] are denoted in Fig. 2 by the
dashed-red and dashed-green circle-filled ellipse, respectively. As we will discuss in detail
below, the large difference one finds between the NLO and NNLO chiral estimates in the
isovector direction is just a consequence of the large discrepancy between the dispersive
result in [10] and chiral expectations. Alternatively, one can estimate the value of the Ci
by using resonance saturation. The contribution from vector and scalar resonances to the
saturation of the O(p6) LECs was also studied in [9]. Using the vector and scalar resonance
parameter values extracted in [11] from a global pipi and piK fit, one obtains the dashed-blue
ellipse in Fig. 2, which is now consistent with the NLO prediction for the isovector scattering
length.
The only direct experimental information about the pion-kaon scattering lengths comes from
the DIRAC experiment at CERN [12], where the lifetime of hydrogen-like piK atoms was
measured. They are a electromagnetically bound state of charged pions and kaons, pi+K−
and pi−K+, which decay predominantly by strong interactions to the neutral pairs pi0K¯0 and
pi0K0. The piK atom lifetime and the scattering length are related through the so-called
modified Deser formula [13–15], namely
Γ1S = 8α
3µ2p a− 20 (1 + δK) , (6)
where α is the fine structure constants, µ is the reduced mass of the pi±K∓ system, p is
the outgoing momentum in the centre-of-mass frame and δK accounts for isospin breaking
corrections [14–16]. The experimental determination of Γ1S obtained at CERN yields [12]
a−0 =
(
0.072+0.031−0.020
)
m−1pi , (7)
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which is denoted in Fig. 2 by a light-blue squared-filled band. Unfortunately, the experi-
mental errors are still too large to provide useful information about the pion-kaon scattering
lengths. Nevertheless, there is still room for improvement, the statistical precision is ex-
pected to improve by a factor 20 if the DIRAC Collaboration manages to run its experiment
using the LHC 450 GeV proton beam. The proposed kaon beam experiment at JLab
could certainly help to improve the current experimental information about the pion-
kaon scattering lengths.
On the lattice side, there is a plethora of results and we will only consider unquenched
analyses. From a lattice analysis of the piK scalar form factor in semileptonicKl3 decays, the
value a1/20 = 0.179 (17) (14) m
−1
pi was reported in [17] for the pion-kaon scattering length in
the I = 1/2 channel. This value corresponds to the gray squared-filled band in Fig. 2. The
first fully dynamical calculation with Nf = 2 + 1 flavors was performed by the NPLQCD
collaboration, leading to [18]
a
1/2
0 =
(
0.173+0.003−0.016
)
m−1pi , a
3/2
0 =
(−0.057+0.003−0.006) m−1pi , (8)
which is denoted in Fig. 2 by a dotted-blue ellipse. Further dynamical results for Nf = 2+1
flavors were reported in [19] using a staggered-fermion formulation, a1/20 = 0.182 (4) m
−1
pi ,
a
3/2
0 = −0.051 (2) m−1pi , and by the PACS collaboration considering an improved Wilson
action [20], a1/20 = 0.183 (18) (35) m
−1
pi , a
3/2
0 = −0.060 (3) (3) m−1pi . These results are
depicted in Fig. 2 by a solid-yellow and a dotted-brown ellipse, respectively.
As we have seen, all the previous results are consistent with chiral predictions, i.e., all of
them are consistent within one standard deviation for the isospin-odd direction, whereas
much larger differences are found in the isospin-even component. Nevertheless, the most
precise up-to-date result was reported in [10] by solving a complete system of Roy-Steiner
equations, corresponding to
a
1/2
0 = 0.224(22)m
−1
pi , a
3/2
0 = −0.045(8)m−1pi . (9)
This result is denoted in Fig. 2 by a light-green circle-filled ellipse and it lies more than
3.5 standard deviations away from the NLO ChPT result. This disagreement is particularly
puzzling in the isospin-odd direction, where the ChPT prediction is protected by the low-
energy theorem given in (5) and one should expect NLO ChPT to provide a reasonably
precise value for the pion-kaon scattering lengths. In fact, previous dispersive analyses for
pipi scattering provided results for the scattering lengths only within a universal band [22,23].
High accuracy values were reached only after constraining dispersive results with chiral
symmetry. Thus, one might wonder why should things be different in pion-kaon scattering.
In the remaining part of this talk we will try to answer that question.
2. Roy–Steiner Equations for piK Scattering
Dispersion relations have repeatedly proven to be a powerful tool for studying processes at
low energies with high precision. They are built upon very general principles such as Lorentz
invariance, unitarity, crossing symmetry, and analyticity.
For pipi scattering, Roy equations (RE) [21] are obtained from a twice-subtracted fixed-t dis-
persion relation, where the t-dependent subtraction constants are determined by means of
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s ↔ t crossing symmetry, and performing a partial-wave expansion. This leads to a cou-
pled system of partial-wave dispersion relations (PWDRs) for the pipi partial waves where
the scattering lengths—the only free parameters—appear as subtraction constants. The use
of RE for pipi scattering has led to a determination of the low-energy pipi scattering ampli-
tude with unprecedented accuracy [22–24], which, for the first time, allowed for a precise
determination of the f0(500) pole parameters [25, 26].
In the case of piK scattering, a full system of PWDRs has to include dispersion relations for
two distinct physical processes, piK → piK (s-channel) and pipi → K¯K (t-channel), and
the use of s↔ t crossing symmetry will intertwine s- and t-channel equations. Roy-Steiner
(RS) equations [27] are a set of PWDR that combine the s- and t- channel physical region
by means of hyperbolic dispersion relations. The construction and solution of a complete
system of RS equations for piK scattering has been presented in [10].
In more detail, the starting point for the work in [10] is a set of fixed-t dispersion for the pion-
kaon isospin-even and -odd scattering amplitudes, where the t-dependent subtraction con-
stants are expressed in terms of hyperbolic dispersion relations passing through the thresh-
old, i.e., where the internal and external Mandelstam variables s and u satisfy the condition
s ·u = m2K −m2pi. A twice- and once-subtracted version was considered for the isospin-even
-odd amplitude, respectively, where the subtraction constants are the a±0 scattering lengths
and the slope of the hyperbola in the t-direction for the isospin-even amplitude, b+, which,
in the end, is written in terms of a sum rule involving the a−0 scattering length. Finally, the
solution of the RS equations is achieved by minimizing the χ2-like function
χ2phys =
∑
l,Is
N∑
j=1
(
Re f Isl (sj)− F [f Isl ](sj)
)2
, (10)
where f Isl denotes pion-kaon partial-waves with angular momentum l and isospin Is, F [f
Is
l ]
stands for the functional form of the RS equations for the f Isl partial wave, and the mini-
mizing parameters are the partial waves and the pion-kaon scattering lengths. In this way,
the minimum of (10) provides as an output the pion-kaon scattering length values given
in (9). A relevant question is whether this solution is unique. In principle, the subtracted
version built in [10] is constructed in such a way that it matches the conditions ensuring a
unique RS equation solution investigated in [28]. In the pipi RE case studied in Ref. [22], it
was observed that the pipi scattering lengths were determined only within a universal band.
Something similar was observed in the RS solution for piN presented in Ref. [29], where
precise results were obtained once the piN scattering lengths were imposed as constraints.
More precisely, the problem is connected with the number of no-cusp conditions required in
order to ensure a smooth matching in the three partial waves between the dynamical solution
of the RS equations and the input considered at higher energies. In [10], no-cusp condi-
tions for the f 1/20 and f
1/2
1 partial waves were imposed, matching precisely the number of
free subtraction constants, the two pion-kaon scattering lengths a±0 . However, in Ref. [22] it
was found for pipi scattering that only one no-cusp condition was enough to ensure a smooth
matching, leading to a pipi scattering length universal band.
In order to analyze whether something similar might happen in the piK case, we have studied
further possible cusp-free RS solutions in a grid of points in the pion-kaon scattering length
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Figure 3: Value of the piK RS χ-like function defined in (2.1) for a grid of points on the I = 1/2,
I = 3/2 scattering length plane. This result suggests that one can achieved an exact solution of the
pion-kaon RS equations on the universal band.
plane. The results are plotted in Fig. 3, where one can see that RS equation solutions for piK
scattering can be achieved within a universal band. Although the solution presented in [10]
lies perfectly within this universal band, it is clearly not enough to fully constrain the values
of the pion-kaon scattering lengths. As we can see in Fig. 2, this universal band is indeed
consistent with both chiral predictions and the different lattice results studied above. The
next step of this project will be to study whether the combination of RS equations with sum
rules for subtraction constants allows one to obtain a unique and consistent solution of the
piK scattering lengths.
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Abstract
After briefly motivating the interest of piK scattering and light strange resonances, we
discuss the relevance of dispersive methods to constrain the amplitude analysis and for the
determination of resonances parameters. Then we review our recent results on a precise de-
termination of piK amplitudes constrained with Forward Dispersion Relations, which are later
used together with model-independent methods based on analyticity to extract the parameters
of the lightest strange resonances. In particular we comment on our most recent determina-
tions of the κ/K∗0 (800) pole using dispersive and/or techniques based on analytic properties
of amplitudes. We also comment on the relevance that a new kaon beam at JLab may have for
a precise knowledge of these amplitudes and the light strange resonances.
1. Motivation to Study piK Scattering
Pion and kaons are the Goldstone bosons of the spontaneous SU(3) chiral symmetry break-
ing in SU(3) and their masses are due to the small explicit breaking due to non-vanishing
quark masses. Thus, by studying their interactions we are testing our understanding of this
spontaneous symmetry breaking, which is rigorously formulated in terms of the low-energy
effective theory of QCD, namely Chiral Perturbation Theory, as well as the role of quark
masses and the breaking of the flavor SU(3) symmetry. In addition, pion and kaons ap-
pear in the final state of almost all hadronic interactions involving strangeness and a precise
understanding of piK scattering is therefore of relevance to describe the strong final-state
interactions of many hadronic processes, including those presently under an intense experi-
mental and theoretical study: B decays, D decays, CP violation, etc...
Finally, most of our knowledge of strange resonances below 2 GeV comes from piK exper-
iments. Strange resonances are very helpful in order to determine how many flavor multi-
plets exist, which in turn helps to determine how many non-strange resonances are needed
to complete these multiplets. Any additional flavorless state would then clearly suggest the
existence of glueball states. Moreover, the mass hierarchy between the strange and non-
strange members of a multiplet can also reveal the internal nature of meson resonances (or-
dinary qq¯ states, tetraquarks, molecules, etc...). In particular, as we will see below, the strong
theoretical constraints on piK scattering provide the most reliable method to determine the
existence of the lightest strange scalar meson, the controversial κ or K∗0(800) meson, which
still “Needs Confirmation” according to the Review of Particle Properties (RPP) [1].
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2. Analyticity, Dispersion Relations, and Resonance Poles
Analyticity constraints in the s, t, uMandelstam variables are the mathematical expression of
causality. For example, as illustrated on the left side of Figure 1, causality implies that two-
body scattering amplitudes T (s, t) have no singularities in the first Riemann sheet of complex
s-plane for fixed t, except for cuts in the real axis. In particular, there is one “physical” cut
on the real axis that reflects the existence of a threshold, which extends from that threshold
to +∞. In addition, due to crossing symmetry, the physical cuts in the u-channel are seen
as cuts in the complex s-plane from −∞ to −t. By using Cauchy Theorem one can now
calculate the value of the amplitude anywhere in the complex plane as an integral of the
amplitude over the contour C. If the amplitude decreases sufficiently fast when s → ∞
then, by sending the curved part of contour C to infinity, one is left only with integrals
over the right and left cuts in the real axis. Since the amplitude in the upper half plane is
conjugate to the amplitude in the lower plane, these are integrals over the imaginary part of
the amplitude. If the amplitude does not decrease sufficiently fast at infinity, one repeats the
argument but for the amplitude divided by a polynomial of sufficiently high degree. Then
the amplitude is determined up to a polynomial of that degree, whose coefficients are called
“subtraction constants”. The resulting relation is called a subtracted Dispersion Relation.
Figure 1: Left: Analytic structure in the s-plane for fixed-t. Right: Two-sheet structure for elastic
partial waves. Poles appear in the second sheet. In the same location a zero appears in the S-matrix.
Dispersion relations are useful for calculating the amplitude where there is no data, to con-
strain data analyses or to look for resonance poles in the complex plane. Actually, the rig-
orous mathematical definition of a resonance involves the existence of a pair of conjugated
poles in the second Riemann sheet of a partial wave amplitude. This sheet is reached by
crossing continuously the physical cut, as seen on the right side of Figure 1. The position
of the pole in the lower half plane is related to the mass M and with Γ of the resonance as√
spole = M − iΓ/2.
So far we have discussed the physical cut and its sheet structure, but in Figure 2 we show the
complicated analytic structure of piK scattering partial waves, which includes the "unphysi-
cal" left cut and an additional circular cut which appears due to the different pion and kaon
masses. Now, when the pole of a resonance is far from other singularities and close to the
real axis, namely Γ << M , as it is the case of the K∗(892), whose width is ∼ 50 MeV, it
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is seen in the real axis, i.e., experimentally, as a peak in the amplitude. Simple parameteri-
zations of data just around its nominal mass, like a Breit-Wigner formula, can describe such
resonances rather well. However, for very wide resonances like the κ/K∗0(800), the energy
region around its nominal mass is more distant than other energy regions and particularly
the threshold region. This threshold will distort dramatically the peak naively expected for
a resonance. In addition, chiral symmetry implies the existence of the so-called Adler zero
below threshold, which once again is close to the pole ans distorts its simple shape when
seen at physical energies. Finally, the nominal mass region is also at a comparable distance
to the pole as the circular cut and the left cut and their contributions should not be discarded
a priori but should taken into account for precise pole determinations.
Therefore, the κ/K∗0(800) resonance cannot be described with precision just by the knowl-
edge of data around its nominal mass, and the pole cannot be extracted with simple formulas
that do not posses the correct analytic structures or that do not have the correct low-energy
constraints of the QCD spontaneous chiral symmetry breaking. This is the reason why dis-
persion relations and analyticity properties are relevant tools to analyze data and the use
of simple models can lead to considerable confusion or artifacts. In addition, data in the
near threshold region impose strong constraints to the pole position, even if the resonance is
nominally at a higher mass. This partly explains the situation of the κ/K∗0(800) in the RPP
where, as we will see in the final section, the poles obtained with Breit-Wigner formulas are
quite spread and do not coincide with those obtained using more rigorous formalisms.
Figure 2: Analytic structure of the piK partial waves in the complex s-plane (in MeV2). Note the
existence of a left cut up to (mK − mpi)2 and a circular cut. We have shown the position of the
poles associated to the K∗(892) and the κ/K∗0(800).
Note that in order to write Cauchy’s Theorem as we described above we need to consider the
amplitude as a one-variable function. For this, there are two approaches:
(a) Fix one variable and obtain a dispersion relation in terms of the other. This leads to
the popular fixed-t dispersion relations, although one could also obtain fixed-u or even
fixed-s dispersion relations. But one can also fix one variable in terms of the other
one by means of a constrain. For instance, this is the case of Hiperbolic Dispersion
Relations, where one imposes a constraint (s − a)(u − a) = b. Complicated relations
like the latter are used to maximize the applicability region of the Dispersion Relation
but if that is not needed for a particular study a simple choice could be more convenient.
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Of particular interest are Forward Dispersion Relations (FDRs), t = 0, since they
yield rather simple expressions and because the higher part of the integrals can be
expressed in terms of total cross sections thanks to the Optical Theorem. These FDRs
have also the advantage that they can be applied in principle up to arbitrarily high
energies and that their analytic structure is very simple. This makes it easier to use
crossing symmetry in order to rewrite the left-cut contributions in terms of physical
amplitudes over the physical cut. Their expressions are rather simple for piK scattering
and as we will see below provide stringent constraints on the description of existing
data. Unfortunately it is not possible to use the integral FDRs to access the second
Riemann sheet in search for poles.
(b) Partial-wave Dispersion Relations. Now the scattering angle dependence is eliminated
by projecting the amplitudes in partial waves, tJ(s). The main advantage is that the
second Riemann sheet, where resonance poles can appear, is easily accessible. The
reason is that, due to unitarity, for elastic partial waves the second Riemann sheet of
the S matrix is just the inverse of the first, namely SIIJ (s) = 1/S
I
J(s). Recalling that
SJ(s) = 1 − 2iσ(s)tJ(s) with σ(s) = k/2
√
s, where k is the CM-momentum, then
the Second Riemann Sheet partial wave amplitude can be obtained from the first as
follows:
tIIJ (s) =
tIJ(s)
1− 2iσ(s)tIJ(s)
(1)
Unfortunately, when the scattering particles do not have equal masses, the partial-wave
projection leads to a more complicated analytic structure. For piK partial waves this
structure was already shown in Fig. 2 and includes a new circular cut and a longer left
cut. The most difficult part of using Dispersion Relation is to calculate the contribu-
tions along these unphysical cuts, and two main approaches appear once again in the
literature:
i. Do not use crossing and just approximate the left cut. This leads to simple disper-
sion relations (see for instance [2]) and has become very popular when combined
with Chiral Perturbation Theory to approximate the left cut and the subtraction
constants. Within this approach, the dispersion relations are written for the in-
verse partial-wave, since unitarity fixes its imaginary part in the elastic region.
This approach is known as the Inverse Amplitude Method [3] that is one instance
of Unitarized Chiral Perturbation Theory. It provides a fairly good description of
data and yields the poles of all resonances that appear in the two-body scattering
of pions and kaons below 1 GeV. In particular, a pole for the kappa is found at [4]
(753 ± 52) − i(235 ± 33) MeV. Despite not being good for precision, it is very
convenient to connect the meson scattering phenomenology with QCD parameters
like Nc or the quark masses [5] and thus study the nature of resonances.
ii. Use crossing to rewrite the contributions from unphysical cuts in terms of Use
crossing to rewrite the contributions from unphysical cuts in terms of partial waves
on the physical cut. Unfortunately, when projecting into a partial wave of the s-
angle, one does not extract a single partial wave in the u-channel angle, so that
the whole tower of partial waves is still present when rewriting the unphysical cuts
into the physical region using crossing. This leads to an infinite set of coupled dis-
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persion relations. These are called Roy-Steiner dispersion relations [6] (different
versions can be obtained starting from fixed-t or hyperbolic dispersion relations).
They are more cumbersome to use, and usually they are applied only to the lowest
partial waves, taking the rest as fixed input. However, they yield the most rigorous
determination of the κ/K∗0(800) pole so far [7]: (658± 13)− i(278.5± 12) MeV.
Note that in these works Roy-Steiner equations were solved in the elastic region
for the S and P waves, using data on higher energies and higher waves as input,
but no data on the elastic region below ∼1 GeV. It was also shown that the pole
appears within the Lehman-ellipse that ensures the convergence of the partial-wave
expansion (actually, even inside a more restrictive region that also ensures the use
of hyperbolic dispersion relations). Nevertheless the RPP still considers that the
existence of the κ/K∗0(800) “ Needs Confirmation”.
(c) Amplitudes Constrained with Forward Dispersion Relations
Hence, in order to provide the required confirmation of the κ/K∗0(800) existence and
of the values of its parameters, we have recently performed a Forward Dispersion Re-
lation study of piK scattering data [8]. The explicit expressions of the FDRs for the
symmetric amplitude T+ and the antisymmetric one T− and all other details can be
found in [8]. We took particular care to use simple parameterizations of data on partial
waves that could be easily used later in further theoretical or experimental studies. The
first relevant result, as shown in the left column of Fig. 3 is that the
Unconstrained Fits to Data (UFD) do not satisfy FDRs well, particularly at high en-
ergies and in the threshold region. For this reason we imposed the FDRs to obtain
Constrained Fits to Data (CFD). Once this is done the agreement is remarkable up to
1.6 GeV for the symmetric FDR and up to 1.74 GeV for the antisymmetric one, as
seen in the central column of Fig. 3. In the right column of that figure, we show that
the difference between the UFD and CFD is significant above 1.4 GeV and also in the
threshold region for the phase, where there is very little experimental information. As
we have already commented when discussing the κ pole and Fig.2, this area is partic-
ularly relevant for the determination of the κ/K∗0(800) resonance from experimental
data. It would be very interesting to have new data to confirm our findings and this
could certainly be achieved with the proposed kaon beam at JLab.
Moreover, it can be seen in that last column of Fig.2, that the most reliable data source,
which is coming from the LASS/SLAC spectrometer [9], only provides a combination
of isospins, but not the separated I = 1/2 and I = 3/2 partial waves. Actually,
the information on I = 3/2 is rather scarce and sometimes contradictory [9]. This
will be one of the main sources of uncertainty in our calculation of the κ pole. As it
has already been explained in other talks of this conference that a clear isospin
separation could be achieved with the proposed kaon beam facility.
(d) Analytic Methods to Extract Resonances
Our parameterizations of the data are obtained from piece-wise analytic functions
which are carefully matched to impose continuity. Therefore, none of the pieces by
itself has all the relevant information to determine the resonance poles with precision.
Nevertheless, the lowest energy piece was constructed by means of a conformal expan-
sion, which exploits the analyticity of the partial wave on the full complex plane and
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Figure 3: Left Column: The input from Unconstrained Fits to Data (UFD) do not agree well
with the Dispersive output of FDRs. Central Column: By imposing FDRs as constraints on data
fits (CFD) they can be well satisfied up to 1.6 GeV without spoiling the data description. Right
Column: The difference between UFD and CFD data descriptions. Data comes from Ref. [9].
has the correct analytic structure while satisfying the elastic unitarity constraint that
allows for a continuation to the second Riemann sheet as explained in Eq. 1. We have
actually checked that this simple parameterization yields a pole for the κ/K∗0(800) at:
(680 ± 15) − i(334 ± 7.5). However, this still makes use of a specific parameteri-
zation and, no matter how good it might be, is still model-dependent and the small
uncertainties can only be understood within that model.
However, there is a procedure to extract poles [10], which is model independent in
the sense that it does not rely on a specific parameterization choice. It is based on a
powerful theorem of Complex Analysis, which ensures that in a given domain where
a function is analytic except for a pole, one can construct a sequence of Padé approx-
imants that contains a pole that converges to the actual pole in the function. This
sequence is built in terms of the values of the partial wave and the derivatives at a
given point within that domain. Thus, using our amplitudes constrained with FDRs
(CFD), we have searched [11] for a point in the real axis in which we can define a do-
main that includes the expected κ/K∗0(800) pole and built a sequence of Padés. In this
way we have confirmed the existence of the κ/K∗0(800) pole [11] and its location at:
(670±18)−i(295±28). This time the errors are larger because the determination does
not depend on a specific parameterization. Similar results have been obtained for all
the resonances that appear in piK scattering below 1.8 GeV (except for the K∗(1680)),
thus providing further support for their existence and a determination of their parame-
ters that do not depend on approximations or specific choices of parameterizations like
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Breit-Wigner parameterizations. Further details can be found in [11].
Of course, the best would be a new analysis of the Roy-Steiner type, independent from
that of [7]. Actually our Madrid group already has a preliminary result of this kind of
analysis which finds a pole at (662 ± 13) − i(289 ± 25) MeV [12]. For this we use
partial-wave Roy-Steiner-like equations obtained from hyperbolic dispersion relation
using as input the amplitudes constrained to satisfy FDRs [8], and therefore using data
below 1 GeV instead of solving the equations in the elastic region as in Ref [7]. We
are showing this preliminary result in red in Fig. 4, together with all the other poles
mentioned in this mini-review.
Note however that there is considerable room for improvement by reducing the un-
certainties. For this it would be of the uttermost importance not only to have more
precise data, but also data in the regions where there is none nowadays, and particu-
larly with a clear separation of partial waves with different isospin. As we have seen in
this workshop, all this could be achievable with the proposed kaon beam at JLab
that therefore could provide a sound experimental basis for the understanding of the
spectroscopy of strange mesons, which nowadays relies on strong model-dependent
assumptions and data sets with strong inconsistencies among themselves and with the
fundamental dispersive constraints.
Figure 4: Compilation of results for the κ/K∗0(800) resonance pole positions. We list as empty
squares all the determinations using some for of Breit-Wigner shape listed in the RPP [?]. The
rest of references correspond to: Zhou et al. [2], Pelaez [4], Bugg [13], Bomvicini [14], Descotes-
Genon et al. [7], Padé result [11], Conformal CFD [8] and our preliminary HDR result using
Roy-Steiner equations [12]
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3.15 Analyticity Constraints for Exotic Mesons
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Abstract
Dispersive techniques have drastically improved the extraction of the pole position of the
lowest hadronic resonances, the σ and κ mesons. I explain how dispersion relations can be
used in the search of the lowest exotic meson, the pi1 meson. It is shown that a combination
of the forward and backward elastic piη finite energy sum rules constrains the production of
exotic mesons.
1. Introduction
Despite the knowledge of the Quantum ChromoDynamics (QCD) Lagrangian for about 50
years and the abundance of data, the pole position of the lowest QCD resonances, the σ and κ
mesons also called f0(500) andK∗0(800) respectively, have remained inaccurate for decades.
The situation of the σ has, however, changed recently. The combined use of dispersion
relations, crossing symmetry and experimental data have led independent teams to a precise
location of the complex pole [1–3]. The interested readers can find a historical and technical
review in Ref. [4].
The situation of the κ is going in the same direction. A recent analysis [5] using dispersion
relation and crossing symmetry have determined its pole location accurately. Nevertheless,
the lowest resonance with strangeness is currently not reported in the summary tables in the
Review of Particle Properties [6]. This situation might change when the results of Ref. [5]
will be confirmed independently. Studies in this direction are in progress [7].
With these recent confirmation of existence and precise location of the σ and κ poles, the
next challenge in meson spectroscopy is the existence of exotic mesons. 1 The theoreti-
cal and experimental works tend to support the existence of an isovector with the quantum
numbers JPC = 1−+, denoted pi1, around 1400-1600 MeV. The experimental status is still
nevertheless controversial [8]. As in the case of the σ and the κ meson, the (possible) large
width of the pi1 prevents the use of standard partial-wave parametrizations, such as the Breit-
Wigner formula, to extract the pole location. The parametrization of the exotic wave can,
nevertheless, be constrained thanks to dispersive techniques.
Dispersion relations, in meson-meson scatterings, are typically used in their subtracted form
to reduce the influence of the, mostly unknown, high energy part. One can alternatively write
dispersion relations for moments of the amplitudes. Using a Regge form for the high energy
part, they lead to the finite energy sum rules (FESR) [9, 10]. FESR were applied recently
in hadro- and photo-production on a nucleon target [11–13] in which data in the low and
high energy mass region are available. With the advent of high statistic generation of hadron
spectroscopy meson, one now has access to data in a wide energy range in meson-meson
1By exotic, I mean in the quark model sense. A quark-antiquark pair cannot couple to the pi1 quantum number
IGJPC = 1−1−+. A review of exotic quantum numbers and notation is presented in Ref. [8].
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interaction. The COMPASS collaboration has reported piη and piη′ (acceptance corrected)
partial waves from threshold to 3 GeV and has recorded data up to 5 GeV [14]. CLAS12
and GlueX are currently taking data on two mesons photo- and electro-production with an
expected coverage up to at least 3 GeV. These data sets allow then to constrain the resonance
region with the Regge region via FESR.
Schwimmer [15] has demonstrated that duality and the non-existence of odd wave in elastic
piη scattering lead to a degeneracy relation between Regge exchange residues in the equal
mass case. In order words, in the equal mass case, the equality between the forward and
backward region at high energy is equivalent to the non-existence of odd waves. This results,
showing the self-consistency of the quark model, was actually already included in the general
results of Mandula, Weyers and Zweig [16] also in the SU(3) symmetry limit.
Here I demonstrate how FESR in elastic piη scattering can be used to constrain the exotic
P -wave. I examine Schwimmer argument with exact kinematics and derive the forward and
backward FESR for piη scattering. It is shown how the deviation from forward/backward
equality and the mass difference is related to the amount of exotic meson in piη scattering.
The kinematics are reviewed in Section 2 and the FESR are written in Section 3. The main
results are derived in Section 4.
2. Kinematics
Figure 1: The s-channel piη → piη and the t-channel pipi → ηη.
The s−channel reaction piη → piη. The u−channel is identical to the s−channel and the
t−channel is pipi → ηη, as depicted in Fig 1. All channels are described by a single function
A(s, t, u). Let mpi and mη be the masses of the pi and η mesons, and s + t + u = Σ =
2m2pi + 2m
2
η. The center-of-mass momentum and scattering angle in the s-channel are
q2 =
1
4s
(
s− (mpi +mη)2
) (
s− (mpi −mη)2
)
, (1a)
zs = 1 +
t
2q2
= −1− u− u0
2q2
, u0 =
(m2η −m2pi)2
s
(1b)
The unitarity threshold of the s- and u-channels is (mpi+mη)2. In the t-channel the threshold
is 4m2pi. I will do fixed-t and fixed-u dispersion relations and finite energy sum rules. Fixed-s
sum rules are identical to fixed-u sum rules. The crossing variables are ν = (s − u)/2 and
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ν ′ = (s − t + 4m2pi − (mη + mpi)2)/2. ν ′ is designed to symmetrize the two cuts at fixed
u, i.e., ν ′(s = (mη + mpi)2) = −ν ′(t = 4m2pi). That will allow to place both cuts under the
same integral in the fixed-u sum rules. I will need to trade the Mandelstam variables for the
pair (ν, t) and (ν ′, u) via
s(ν, t) = +ν − (t− Σ)/2, s(ν ′, u) = +ν ′ − (u− 4m2η + (mη −mpi)2)/2, (2a)
u(ν, t) = −ν − (t− Σ)/2, t(ν ′, u) = −ν ′ − (u− 4m2pi − (mη −mpi)2)/2, (2b)
so that s(−ν, t) = u(ν, t).
3. Finite Energy Sum Rules
Figure 2: Exchanges in forward (left) and backward (right) piη elastic scattering.
I consider small t = x, i.e., small angles with the pion going forward. The two exchanges
at high energy are the Pomeron and the f2 Regge pole. At high energy, the Regge form is
ImA(s, t, u) = βP(t)ν
αP + βf2(t)ν
αf2 for ν > Λ. The threshold is ν0(x) = 2mηmpi + x/2.
The FESR at fixed t reads∫ Λ
ν0(t)
Im
{
A [s(ν, x), x, u(ν, x)] + (−)kA [s(−ν, x), x, u(−ν, x)]} νkdν
=
∑
τ
[
1 + τ(−)k] βτ (t) Λατ (t)+k+1
ατ (t) + k + 1
(3)
The s- and u-channel are identical, so A(s, x, u) = A(u, x, s) and there can only be even
moments. This is consistent with the exchanges that can only have positive signature τ(P) =
τ(f2) = +1. I obtain, with n a positive integer∫ Λ
ν0(x)
ImA [s(ν, x), x, u(ν, x)] ν2ndν = βP(x)
ΛαP(x)+2n+1
αP(x) + 2n+ 1
+ βf (x)
Λαf2 (x)+2n+1
αf2(x) + 2n+ 1
(4)
The factorization of Regge pole allow write βP(x) = βpipiP (x)β
ηη
P (x) and βf (x) ≡ βpipif2 (x)βηηf2 (x),
as represented in Fig. 2.
I now consider small u = x, i.e., small angles with the eta meson going forward. The
threshold is ν ′0(x) = (4m
2
pi − (mη −mpi)2 + x)/2. Similarly to the fixed-t case, the FESR at
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fixed u read∫ Λ¯
ν′0(x)
Im
{
A [s(ν ′, x), t(ν ′, x), x] + (−)kA [s(−ν ′, x), t(−ν ′, x), x]} ν ′kdν ′
=
∑
τ
[
1 + τ(−)k] βτ (x) Λ¯ατ (x)+k+1
ατ (x) + k + 1
(5)
There are two kinds of exchanges. The positive signature a2 pole and the negative signature
pi1 pole. So for k even there is the a2 pole and k odd the pi1 (exotic) pole. I thus obtain two
backward FESR:
1
2
∫ Λ¯
ν′0(x)
Im {A [s(ν ′, x), t(ν ′, x), x] + A [s(−ν ′, x), t(−ν ′, x), x]} ν ′2ndν ′ = βa2(x)Λ¯
αa2 (x)+2n+1
αa2(x) + 2n+ 1
1
2
∫ Λ¯
ν′0(x)
Im {A [s(ν ′, x), t(ν ′, x), x]− A [s(−ν ′, x), t(−ν ′, x), x]} ν ′2n+1dν ′ = βpi1(x)Λ¯
αpi1 (x)+2n+2
αpi1(x) + 2n+ 2
(6)
Again, the factorization of Regge pole leads to βa2(x) =
[
βpiηa2 (x)
]2 and βpi1(x) = [βpiηpi1 (x)]2
as displayed in Fig. 2. For small x, the amplitude A [s(ν ′, x), t(ν ′, x), x] represents the re-
action piη → piη in the backward direction and A [s(−ν ′, x), t(−ν ′, x), x] represents the
t-channel reaction pipi → ηη.
4. Constraint on Exotica Production
Several models are available for the elastic piη S-wave [17–20]. For higher waves, little infor-
mation is known beside the resonance content. The elastic piη D-wave is certainly dominated
by the a2(1320) meson. At higher mass, the excitation a′2(1700) has been recently confirm
by a joint publication by the JPAC and COMPASS collaborations [21], but its branching
fraction to piη is not known. The branching ratio of the a4(2040) is not known either but
quark model calculations yields the width Γ(a4 → piη) ∼ (1.7− 2.4)2 MeV [22, 23]. 2
Experimental information on pipi → ηη are available above the ηη threshold [?]. Below
the physical threshold, one can use Watson’s theorem and the pipi elastic phase shift from
the unitarity threshold up to the KK¯ threshold. Unfortunately between the KK¯ and the ηη
thresholds, little information is known about the phase shift and inelasticities of the pipi → ηη
amplitude. Although some couple channels calculations exist, see for instance [25].
The a2, f2 are lying on the trajectory degenerate with the ρ and ω one with αa2(t) = αf2(t) ≡
αN(t) ∼ 0.9t+0.5. The exotic pi1 is lying on a trajectory below the leading natural exchange
trajectory. A mass around 1.6 GeV yields the intercept αpi1(0) ∼ αN(t) − 1, which makes
both right-hand-side of Eq. (6) for the same n of the same order up to the residues βa2 and
βpi1 . The existence of an exotic would make βpi1 not zero. However since its pole would be
far away from the physical region, there is a possibility of βpi1(x) (with x < 0) being small.
In this case, one could neglect the right-hand-side of the second sum rule in Eq. (6) for any
n, which would lead to
ImA [s(ν ′, x), t(ν ′, x), x] ≈ ImA [s(−ν ′, x), t(−ν ′, x), x] (7)
2The a4 was denoted δ in these publications.
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Using this approximation, I can subtract the forward t = x and backward u = x sum rules
to obtain the constraint∫ Λ
ν0(x)
Im {A [s(ν, x), x, u(ν, x)]− A [s(ν, x), t(ν, x), x]} ν2ndν =
βP(x)
ΛαP(x)+2n+1
αP(x) + 2n+ 1
+ [βf2(x)− βa2(x)]
ΛαN (x)+2n+1
αN(x) + 2n+ 1
(8)
In term of partial waves, the forward and backward amplitudes read
A (s, x, u) =
∑
`
(2`+ 1)t`(s)P`(z1), z1 = +1 +
x
2q2
, (9a)
A (s, t, x) =
∑
`
(2`+ 1)t`(s)P`(z2), z2 = −1− x− u0
2q2
, (9b)
with q and u0 evaluated at s(ν, x). If the forward and backward direction were exactly equal,
i.e., u0 = 0 the even waves would exactly cancel in Eq. (8). The reader can then see that the
two components duality3 and the absence of odd wave would then imply degeneracy between
the f2 and a2 Regge exchanges as demonstrated by Schwimmer [15]. In the presence of only
one odd wave ` = 1, its absorptive part is constrained by
3
∫ Λ
ν0(x)
Im t1 [s(ν, x)] [P1(z1)− P1(z2)] ν2ndν = βP(x) Λ
αP(x)+2n+1
αP(x) + 2n+ 1
+ [βf2(x)− βa2(x)]
ΛαN (x)+2n+1
αN(x) + 2n+ 1
−
∑
`∈even
∫ Λ
ν0(x)
Im t`(sν)∆`(ν, x)ν
2ndν (10)
The even waves enter via the quantity ∆`(ν, x) = (2` + 1) [P`(z1)− P`(z2)]. Note that
∆` ∝ u0 (for ` even) vanishes in the limit mη → mpi. Of course the S-wave cancels ∆0 = 0.
We also have 1
2
[P1(z1)− P1(z2)] = 1 + x/2q2 − u0/4q2. The individual contribution of the
right-hand-side of Eq. (10) can be evaluated.
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Abstract
We discuss the description of final-state interactions in three-body hadronic decays based
on Khuri–Treiman equations, in particular their application to the charmed-meson decays
D+ → K¯pipi+. We point out that the knowledge of pion–pion and pion–kaon scattering phase
shifts is of prime importance in this context, and that there is no straightforward application of
Watson’s theorem in the context of three-hadron final states.
1. What’s not to Like about the Isobar Model?
In experimental analyses, the Dalitz-plot distributions of hadronic three-body decays are
still conventionally described in terms of the isobar model: amplitudes are constructed in
terms of subsequent two-body decays, and the resonant intermediate states mostly modeled
in terms of Breit–Wigner line shapes. This is problematic in several respects. First of all,
many resonances cannot be described by Breit–Wigner functions at all, be it due to the close
proximity of thresholds (e.g., the f0(980) or the a0(980) among the light mesons, and many
of the newly found, potentially exotic states in the charmonium and bottomonium sectors),
or because their poles lie too far in the complex plane: prime examples include the lightest
scalar resonances, the f0(500) or σ (see the comprehensive review [1] and references therein)
as well as, in the strange sector, the K∗0(800) [2,3]. These problems can be avoided by using
known phase shifts as input, potentially including coupled channels; see, e.g., Refs. [4, 5]
for recent applications in the context of heavy-meson decays. On the other hand, models of
subsequent two-body decays ignore rescattering effects between all three strongly interacting
particles in the final state, which will in general affect the phase motion of the amplitudes in
question. Close control over the various amplitude phases is, e.g., important in the context
of CP-violation studies: rapidly varying, resonant strong phases may significantly enhance
small weak phases (originating in the Cabibbo–Kobayashi–Maskawa matrix) locally in the
Dalitz plot, which may give the search for CP violation in three-body charmed-meson decays
the edge over two-body decays, which occur at fixed energy.
A tool to consistently treat full iterated two-body final-state interactions in three-body decays
are the so-called Khuri–Treiman equations [6], originally derived for the description ofK →
3pi, and recently increasingly popular for the description of various low-energy decays such
as η → 3pi [7–12], η′ → ηpipi [13], or ω/φ → 3pi [14, 15]. We will illustrate the formalism
with the last example in the following, before turning to the application in the more complex
Dalitz plot studies of D+ → K¯pipi+ [16, 17].
2. Dispersion Relations for Three-Body Decays (1): V → 3pi
Particularly simple examples of three-body decays are those of isoscalar vector mesons into
three pions, V → 3pi, V = ω, φ. Pairs of pions can only be in odd relative partial waves;
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neglecting discontinuities in F - and higher partial waves, the decay amplitude can be de-
composed into single-variable functions according to
M(s, t, u) = iµναβ µV pνpi+pαpi−pβpi0
{F(s) + F(t) + F(u)}, (1)
where µV denotes the vector meson’s polarization vector. The function F(s) obeys a discon-
tinuity equation [14, 18]
discF(s) = 2i[F(s) + Fˆ(s)]θ(s− 4M2pi) sin δ(s)e−δ(s),
Fˆ(s) = 3
2
∫ 1
−1
dz
(
1− z2)F(t(s, z)), (2)
where z = cos θs denotes the cosine of the s-channel scattering angle, and δ(s) ≡ δ11(s) is
the isospin I = 1 P -wave pipi scattering phase shift. Without the inhomogeneity Fˆ(s) in
the discontinuity equation, the latter’s solution could be given in terms of an Omnès func-
tion [19] like a simple form factor, and the phase of F(s) would immediately coincide with
δ(s) according to Watson’s theorem [20].
The presence of the partial-wave-projected crossed-channel contributions Fˆ(s) renders the
solution of Eq. (2) slightly more complicated; it is given as
F(s) = Ω(s)
{
a+
s
pi
∫ ∞
4M2pi
dx
x
sin δ(x)Fˆ(x)
|Ω(x)|(x− s)
}
, Ω(s) = exp
{
s
pi
∫ ∞
4M2pi
dx
x
δ(x)
x− s
}
, (3)
where Ω(s) is the Omnès function, and a a subtraction constant that has to be fixed phe-
nomenologically. Care has to be taken in performing the angular integral for Fˆ(s) in Eq. (2)
as to avoid crossing the right-hand cut: in decay kinematics, Fˆ(s) itself becomes complex,
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Figure 1: Selected slices through the φ → 3pi Dalitz plot measured by the KLOE Collabora-
tion [21], compared to the theoretical description of Ref. [14]. The fit with Omnès functions
only, neglecting crossed-channel rescattering, is shown in red, once-subtracted Khuri–Treiman
amplitudes in blue, and twice-subtracted Khuri–Treiman solutions in black. The widths of the
uncertainty bands are due to variation of the phase shift input as well as fit uncertainties.
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Figure 2: Real (left) and imaginary (right) parts of single-variable amplitudes F(s) for varying
decay masses, compared to the Omnès function.
signaling the appearance of three-particle cuts, and a simple phase relation between F(s)
and the elastic scattering phase shift is lost.
The solution to Eq. (3) is compared to high-statistics Dalitz plot data for φ → 3pi by the
KLOE collaboration [21] in Fig. 1. Different pipi phases have been employed, derived from
Roy (and similar) equations [22, 23]. Non-trivial, crossed-channel rescattering effects im-
prove the data description significantly; introducing a second subtraction constant in order
to better suppress imperfectly known high-energy behavior of the dispersion integral leads
to a perfect fit [14]. A first modern experimental investigation of the ω → 3pi Dalitz plot
by WASA-at-COSY [24] is not yet accurate enough to discriminate these subtle rescattering
effects.
It is also interesting to investigate the dependence of F(s) on the decay mass: it differs for
ω and φ decays [14, 15], but even has a well-defined high-energy limit, as shown in Fig. 2.
For high decay masses, F(s) approaches the input Omnès function, i.e., crossed-channel
rescattering effects vanish [25]. This conforms with physical intuition: if the third pion has
a very large momentum relative to the other pair, its influence on the pairwise, resonant
interaction should be small. Note that this limit is only formal, as inelastic effects as well as
higher partial waves are not taken into account. Such a partial wave for variable and higher
decay masses has been employed both for the description of the reaction e+e− → 3pi, which
serves as an input for a dispersive analysis of the pi0 transition form factor [26], and in a
study of the J/ψ → pi0γ∗ transition form factor [27], in analogy to preceding studies of the
conversion decays of the light vector mesons [28].
3. Dispersion Relations for Three-Body Decays (2): D+ → K¯pipi+
In the first attempt to employ Khuri–Treiman equations to describe D-meson decays, we
have chosen to consider the Cabibbo-favored processes D+ → K−pi+pi+ and D+ →
K¯0pi0pi+. The data situation for these is rather good, with high-statistics Dalitz plot mea-
surements available by the E791 [29], CLEO [30], and FOCUS [31, 32] Collaborations for
the fully charged final state, and more recently by BESIII for the partially neutral one [33].
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Theoretical analyses of D+ → K−pi+pi+ have typically concentrated on improved descrip-
tions of the piK S-wave [34–38], however neglecting rescattering with the third decay par-
ticle. Ref. [39] is the only previous combined study of both decay channels, using Faddeev
equations to generate three-body rescattering effects.
An interesting aspect of these two decay channels is that they are coupled by a simple charge-
exchange reaction, and can be related to each other by isospin; however, this relation is
largely lost as long as only two-body rescattering is considered: e.g., the isospin I = 1 pipi P -
wave only features indirectly in the fully charged final state, where the ρ(770) resonance can
obviously not be observed. Otherwise, we truncate the partial-wave expansion consistently
beyond D-waves, but among the exotic, non-resonant ones only retain the S-waves (the
I = 2 pipi and the I = 3/2 piK S-waves). This way, beyond the aforementioned ρ(770),
the following piK resonances are included in the Dalitz plot description as the dominant
structures: K∗0(800), K
∗
0(1430), K
∗(892), [K∗(1410),] and K∗2(1430).
The decomposition of the two decay amplitudes up-to-and-including D-waves has been de-
rived [16] and proven in the sense of the reconstruction theorem [25]. With the exception
of the D-wave, the number of subtractions has been determined by imposing the Froissart
bound [40]; note that some of them can be eliminated consistently due to the constraint
s+ t+ u = const.. The full system then reads
F20 (u) = Ω20(u)
u2
pi
∫ ∞
uth
du′
u′2
Fˆ20 (u′) sin δ20(u′)
|Ω20(u′)| (u′ − u)
,
F11 (u) = Ω11(u)
{
c0 + c1u+
u2
pi
∫ ∞
uth
du′
u′2
Fˆ11 (u′) sin δ11(u′)∣∣Ω11(u′)∣∣(u′ − u)
}
,
F1/20 (s) = Ω1/20 (s)
{
c2 + c3s+ c4s
2 + c5s
3 +
s4
pi
∫ ∞
sth
ds′
s′4
Fˆ1/20 (s′) sin δ1/20 (s′)∣∣Ω1/20 (s′)∣∣(s′ − s)
}
,
F3/20 (s) = Ω3/20 (s)
{
s2
pi
∫ ∞
sth
ds′
s′2
Fˆ3/20 (s′) sin δ3/20 (s′)∣∣Ω3/20 (s′)∣∣(s′ − s)
}
,
F1/21 (s) = Ω1/21 (s)
{
c6 +
s
pi
∫ ∞
sth
ds′
s′
Fˆ1/21 (s′) sin δ1/21 (s′)∣∣Ω1/21 (s′)∣∣(s′ − s)
}
,
F1/22 (s) = Ω1/22 (s)
{
c7 +
s
pi
∫ ∞
sth
ds′
s′
Fˆ1/22 (s′) sin δ1/22 (s′)∣∣Ω1/22 (s′)∣∣(s′ − s)
}
, (4)
where s (and t) are the Mandelstam variables describing piK invariant masses, while u refers
to the pipi system; the lower limits of the dispersion integrals are given by sth = (MK +Mpi)2
and uth = 4M2pi . Explicit formulae for the various Fˆ IL are given in Ref. [16]. We have
used the piK phase shifts of Ref. [41] as input (note also other new [42] and ongoing [43]
analyses of piK scattering). Eq. (4) therefore contains 8 complex subtractions constants,
which (subtracting one overall normalization and one overall phase) need to be fitted to data.
In particular, the subtraction in F1/22 (s) was introduced a posteriori, as it turned out to be
necessary to describe both Dalitz plots consistently [17]. As we work in the approximation of
elastic unitarity, we refrain from describing the parts of the Dalitz plot for which
√
s,
√
t ≥
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BESIIIcombined CLEO/FOCUScombined
FF20 (1.7± 0.5)% (5± 1)%
FF11 (23± 3)% —
FF1/20 (36± 5)% (46± 6)%
FF1/21 (8.5± 0.4)% (11.5± 0.5)%
FF3/20 (6± 1)% (0.6± 0.1)%
FF1/22 (0.5± 0.1)% (0.7± 0.1)%
Table 1: Fit fractions of the various partial waves for the best combined fit. The errors are eval-
uated by varying the basis functions within their uncertainty bands. The fit fractions of the piK
amplitudes in the s- and t-channel are summed together.
Mη′ + MK ≈ 1.45 GeV, which is taken as the typical onset of significant inelasticities in
particular in the S-wave. Note that no isoscalar pipi S-wave can contribute in these decays,
with its sharp onset of inelasticities around the f0(980).
Moduli and phases of the resulting single-variable amplitudes F IL are shown in Fig. 3. Obvi-
ously, the different data sets constrain the various amplitudes differently: the pipi P -wave is
only well constrained when including the BESIII data on the partially neutral final state (in
which it features directly), while in contrast, the pipi I = 2 S-wave is determined with much
higher precision in the K−pi+pi+ final state.
Given the relatively large number of subtraction constants compared to the φ → 3pi anal-
ysis described in the previous section, the necessity to include Khuri–Treiman amplitudes
as opposed to simple polynomial-times-Omnès functions is demonstrated less by the best
χ2/d.o.f., but rather by the resulting fit fractions, which become implausibly large in par-
ticular for the nonresonant waves in the case of Omnès fits [16]. Similar observations
are made when neglecting the D-wave. The fit fractions for the best combined fit to the
CLEO, FOCUS, and BESIII data are shown in Table 1. The total fit quality characterized
by χ2/d.o.f. ≈ 1.2 is at best satisfactory, but of similar quality as isobar fits performed by
the experimental collaborations [31–33]. We point out that three-body rescattering effects
change the phases of the amplitudes quite significantly in comparison to the input phase
shifts, see Fig. 3: in particular the I = 1/2 piK S-wave phase is seen to rise much more
quickly around
√
s ≈ 1 GeV.
4. Summary / Outlook
We have demonstrated that dispersion relations constitute an ideal tool to analyze the final-
state interactions of pions and kaons systematically. While two-body form factors obey uni-
versal phase relations, in three-body decays non-trivial rescattering effects can affect phase
motions and line shapes significantly. This was demonstrated succinctly for the ideal demon-
stration case φ → 3pi that can be described in terms of one single partial wave only; an
analysis of two coupled D+ → K¯pipi+ decay modes proved to be far more involved due to
the proliferation of subtraction constants.
122
F20
F11
F1/20
F3/20
F1/21
F1/22
√
s [GeV]
8
6
4
4
4
4
4
3
2
2
2
2
11
1
1
1
1
1
1
1
1
1
1
1
1
11
0.1
0.2
0.4
0.50.5
0.50.5
0.50.5
0.50.5
0.50.5
0.50.5
1.51.5
1.51.5
1.51.5
1.51.5
1.51.5
1.51.5
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
Figure 3: Left: Moduli of single-variable amplitudes, in arbitrary units: CLEO/FOCUS fits (blue),
BESIII (red), combined fit with improvedD-wave (turquoise). Right: Phases of the single-variable
amplitudes and input scattering phases (black) in radiant. The dashed lines visualize the fitted
area: from threshold to the η′K threshold for the piK amplitudes, the full phase space for the pipi
amplitudes. Figure taken from Ref. [17].
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Future work could improve on the treatment of inelastic rescattering effects by using coupled
channels, not the least in order to extend the amplitude description to the full D+ → K¯pipi+
Dalitz plots. The consistent inclusion of higher partial waves in Khuri–Treiman equations
still requires further investigations, as does the role of three-body unitarity in constraining the
phases of the subtraction constants. Finally, it should be attempted to match the subtraction
constants to short-distance information on the weak transitions involved.
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Abstract
Several of the mysterious XY Z resonances have been observed in 3-body B → piK(cc¯)
decays. A better description of the piK dynamics is required to improve the understanding of
these decays, and eventually to confirm the existence of the exotic states. As an example, we
discuss the B → J/ψpiK decay, where the Z(4430) has been observed. We critically review
the formalisms to build amplitudes available in the literature.
1. Introduction
The last decade witnessed the observation of many unexpected XY Z resonances in the
heavy quarkonium sector. Their spectrum and production and decay rates are not compatible
with a standard charmonium interpretation [1–3]. Some of these states have been observed
in 3-body B → piK(cc¯) decays, with (cc¯) = J/ψ, ψ′, χc1. Understanding the three-body
dynamics, and specifically the effect of the piK interaction, is mandatory to confirm the
existence of these exotic states, and to better establish their properties.
We focus here on the so-called Z(4430). The state was claimed in 2007 by Belle, as a peak
in the B0 → K+(ψ′ pi−) channel [4], and it was the first observation of a charged charmo-
niumlike state. The rich structure of the piK resonances has led to opposite claims about
the need of an exotic state to describe data [5–7]. The high-statistic analysis 4D analysis by
LHCb provided further evidence for the existence of such state [8]. In particular, the analy-
sis of the Legendre moments in [9] suggests that the piK waves with J ≤ 3 are not able to
describe the data, calling either for an unexpected contribution of higher spin K∗, or for an
exotic resonance in the crossed channel. This state is extremely interesting, because is far
from any reasonable open-charm threshold with the correct quantum numbers [10, 11]. The
averaged mass and width are M = (4478 ± 17) MeV and Γ = (180 ± 31) MeV , whereas
the favored signature is JPC = 1+− (see Fig. 1).
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Figure 1: Left panel: Invariant mass distributions in ψ′ pi− channel, from Ref. [8]. The red solid
(brown dashed) curve shows the fit with (without) the additional Z(4430) resonance. Right panel:
the Legendre moments populated by piK waves with J ≤ 3 are not able to describe data (from
Ref. [9]). Although the agreement in the figure may look good, the significance of higher momenta
is 8σ.
2. Analyticity constraints for B → ψ′piK
In the modern literature, there seems to be a lot of confusion regarding properties of the
reaction amplitudes employed in analyses of such processes. This is often stated in the
context of a potentially nonrelativistic character of certain approaches [12–17]. As discussed
in Ref. [18], rather than arising from relativistic kinematics, the differences between the
various formalisms have a dynamical origin.
We consider the scattering process ψ′B → piK, related to the decay we are interested in
via crossing symmetry. The spinless particles B, pi, K are stable against the strong inter-
action, and the ψ′ is narrow enough to completely factorize its decay dynamics. We use pi,
i = 1 . . . 4 to label the momenta of ψ′, B, pi, and K respectively. We denote the helicity am-
plitude by Aλ(s, t), λ being the helicity of ψ′. The amplitude depends on the standard Man-
delstam variables s = (p3 +p4)2, t = (p1−p3)2, and u = (p1−p4)2 with s+ t+u =
∑
im
2
i .
We discuss the parity violating amplitude. We call p (q) to the magnitude of the incoming
(outgoing) three momentum in the s-channel center of mass, and θs the scattering angle. The
quantities depend on the Mandelstam invariants through
zs ≡ cos θs = s(t− u) + (m
2
1 −m22)(m23 −m24)
λ
1/2
12 λ
1/2
34
, p =
λ
1/2
12
2
√
s
, q =
λ
1/2
34
2
√
s
, (1)
with λik = (s− (mi +mk)2) (s− (mi −mk)2). We assume the isobar model, and incorpo-
rate the piK resonances up to spin Jmax via
Aλ(s, t, u) =
1
4pi
Jmax∑
j=|λ|
(2j + 1)Ajλ(s) d
j
λ0(zs), (2)
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where Ajλ(s) are the helicity partial wave amplitudes in the s-channel. In Eq. (2) the entire t
dependence enters though the d functions. The d functions have singularities in zs which lead
to kinematical singularities in t of the helicity amplitudes Aλ. An extensive discussion and
the full characterization of the kinematical singularities can be found in Refs. [19–24]. We
recall that djλ0(zs) = dˆ
j
λ0(zs)ξλ0(zs), where ξλ0(zs) =
(√
1− z2s
)|λ|
is the so-called half an-
gle factor that contains all the kinematical singularities in t. The reduced rotational function
dˆjλ0(zs) is a polynomial in s and t of order j−|λ| divided by the factor λ(j−|λ|)/212 λ(j−|λ|)/234 . The
helicity partial waves Ajλ(s) have singularities in s. These have both dynamical and kine-
matical origin. The former arise, for example, from s-channel resonances. The kinematical
singularities, just like the t-dependent kinematical singularities, arise because of external
particle spin. We explicitly isolate the kinematic factors in s, and denote the kinematical
singularity-free helicity partial wave amplitudes by Aˆjλ(s),
Aj0(s) = K00 (pq)
j Aˆj0(s), (3a)
Aj±(s) = K±0 (pq)
j−1 Aˆj±(s), (3b)
with K00 = 2m1/λ
1/2
12 , and K±0 = λ
1/2
34 /2
√
s. The j = 0 amplitude is exceptional,
A00(s) = Aˆ
0
0(s)/K00. The Aˆ
j
λ(s) are left as the dynamical functions we are after, usually
parameterized in terms of a sum of Breit-Wigner amplitudes with Blatt-Weisskopf barrier
factors. We now seek a representation of Aλ(s, t) in terms of the scalar functions,
Aλ(s, t) = µ(λ, p1)
[
(p3 − p4)µ − m
2
3 −m24
s
(p3 + p4)
µ
]
C(s, t)+µ(λ, p1)(p3+p4)
µB(s, t),
(4)
where the functionsB(s, t) andC(s, t) are the kinematical singularity free scalar amplitudes.
We can match Eqs. (2) and (4), and express the scalar functions as a sum over kinematical
singularity free helicity partial waves.
√
2C(s, t) =
1
4pi
∑
j>0
(2j + 1)(pq)j−1Aˆj±(s) dˆ
j
10(zs), (5)
4piB(s, t) = Aˆ00(s) +
4m21
λ12
∑
j>0
(2j + 1)(pq)j
×
[
Aˆj0(s)dˆ
j
00(zs) +
s+m21 −m22√
2m21
Aˆj+(s) zsdˆ
j
10(zs)
]
. (6)
Neither B(s, t) nor C(s, t) can have kinematical singularities in s or t. In Eqs. (5)-(6),
dˆj10(zs) is regular in t, and the s singularities at (pseudo)thresholds are canceled by the factor
(pq)j−1. For the same reason the sum in Eq. (6) has no kinematical singularities in s and t,
however the 1/λ12 factor in front of the sum generates two poles at s± = (m1±m2)2, unless
the expression in brackets vanishes at those points. This means that the Aˆjλ(s) with different
λ cannot be independent functions at the (pseudo)threshold. Explicitly, using the expansion
of the Wigner d-function for zs →∞, we get
Aˆj0(s)
(zs)
j
〈j − 1, 0; 1, 0|j, 0〉 −
s+m21 −m22√
2m21
Aˆj+(s)
(zs)
j
√
2 〈j − 1, 0; 1, 1|j, 1〉 . (7)
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This combination has to vanish to cancel the 1/λ12, thus one finds (for j > 0)
Aˆj+(s) = 〈j − 1, 0; 1, 1|j, 1〉 gj(s) + λ12 fj(s), (8a)
Aˆj0(s) = 〈j − 1, 0; 1, 0|j, 0〉
s+m21 −m22
2m21
g′j(s) + λ12 f
′
j(s), (8b)
where gj(s), fj(s), g′j(s), and f
′
j(s) are regular functions at s = s±, and gj(s±) = g
′
j(s±).
Together with Eq. (8), the expressions in Eqs. (4), (5) and (6) provide the most general
parameterization of the amplitude that incorporates the minimal kinematic dependence that
generates the correct kinematical singularities as required by analyticity.
Upon restoration of the kinematic factors, the original helicity partial wave amplitudes read
Aj+(s) = p
j−1qj
[
〈j − 1, 0; 1, 1|j, 1〉 gj(s) + λ12 fj(s)
]
, (9a)
Aj0(s) = p
j−1qj
[
〈j − 1, 0; 1, 0|j, 0〉 s+m
2
1 −m22
2m1
√
s
g′j(s) +
m1√
s
λ12 f
′
j(s)
]
, (9b)
and A00(s) = λ
1/2
12 /(2m1) Aˆ
0
0(s), where Aˆ
0
0(s) is regular at (pseudo)threshold. A particular
choice of the functions gj(s), g′j(s), fj(s) and f
′
j(s) constitutes a given hadronic model.
We now compare the general expression for the helicity partial waves with the spin-orbit
LS partial waves, GˆjL(s). These match the general form in Eq. (8) when
gj(s) =
√
2j−1
2j+1
Gˆjj−1(s), fj(s) =
1
4s
√
2j+3
2j+1
〈j + 1, 0; 1, 1|j, 1〉 Gˆjj+1(s),
(10a)
g′j(s) =
2m1
√
s
s+m21 −m22
√
2j−1
2j+1
Gˆjj−1(s), f
′
j(s) =
1
4m1
√
s
√
2j+3
2j+1
〈j + 1, 0; 1, 0|j, 0〉 Gˆjj+1(s).
(10b)
The common lore is that the LS formalism is intrinsically nonrelativistic. However, the
matching in Eq. (10) proves that the formalism is fully relativistic, but care should be taken
when choosing a parameterization of the LS amplitude so that the expressions in Eqs. (10)
are free from kinematical singularities. For example, if one takes the functions Gˆjj−1(s) and
Gˆjj+1(s) to be proportional to Breit-Wigner functions with constant couplings, the amplitudes
g′j(s) and f
′
j(s) would end up having a pole at s = m
2
2 − m21. It is clear that using Breit-
Wigner parameterizations, or any other model for helicity amplitudes, i.e., the left-hand sides
of Eq. (10), instead of the LS amplitudes helps prevent unwanted singularities.
We also consider the Covariant Projection Method (CPM) approach of [12–15], based on the
construction of explicitly covariant expressions. We limit ourselves to the special case of an
intermediate K∗ with j = 1. We start with the tensor amplitude for the scattering process
ψB → K∗ → piK,
Aλ(s, t) = µ(λ, p1)
(
−gµν + P
µP ν
s
)
Xν(q, P )gS(s)
+ ρ(λ, p1)Xρµ(p, P )
(
−gµν + P
µP ν
s
)
Xν(q, P )gD(s), (11)
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where P is the K∗ momentum. The final P-wave orbital tensor is Xν(q, P ) = q⊥ν = qν −
PνP · q/s. The D-wave orbital tensor Xρµ(p, P ) = 3pρ⊥pµ⊥/2 − gρµ⊥ p2⊥/2, with pµ⊥ = pµ −
P µ P · p/s, and gρµ⊥ = gρµ − P ρP µ/s. Explicitly,
A+(s, θs) = −q sin θs√
2
[
gS(s) +
p2
2
gD(s)
]
, A0(s, θs) = q
E1
m1
cos θs
[
gS(s)− p2gD(s)
]
,
(12)
and matching with Eq. (8) gives
g1(s) = g
′
1(s) =
4pi
3
gS(s), f1(s) =
2pi
3s
gD(s), f
′
1(s) = −
4pi
3s
s+m21 −m22
m21
gD(s). (13)
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Figure 2: Comparison of the lineshape of K∗(892) and K∗(1410) in the piK-invariant mass dis-
tribution, constructed with the different formalisms. In the left panel we show the result with no
barrier factors. In the right panel, we include the customary Blatt-Weisskopf factors. From [18].
The threshold conditions g1(s±) = g′1(s±) are satisfied, and the functions f1(s) and f
′
1(s)
are regular at the thresholds. Finally, we show the relation between the CPM and the LS
amplitudes:
3
4pi
G10(s) = gS(s) q
√
1
3
(
E1
m1
+ 2
)
− gD(s) q p2
√
1
3
(
E1
m1
− 1
)
, (14a)
3
4pi
G12(s) = gD(s) q p
2
√
1
6
(
2
E1
m1
+ 1
)
− gS(s) q
√
2
3
(
E1
m1
− 1
)
. (14b)
Although the gS(s) and gD(s) of the CPM formalism, see Eq. (11), are typically interpreted
as the S andD partial wave amplitudes, we see that this is the case only at (pseudo)threshold
s = s±, where the factor E1/m1 − 1 vanishes. An extensive discussion about the same
calculation performed in the decay kinematics, which turns out into an explicit violation of
crossing symmetry, can be found in [18].
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To explore the differences between the various approaches, we consider the example of
two intermediate vectors in the piK channel: the K∗(892), with mass and width MK∗ =
892 MeV, ΓK∗ = 50 MeV, and the K∗(1410), with MK∗ = 1414 MeV, ΓK∗ = 232 MeV.
In Fig. 2, we show the results for the differential decay width in five different scenarios. We
consider the CPM formalism (for the scattering and decay kinematics, respectively), setting
gS(s) = 0 and gD(s) = TK∗(s), with TK∗(s) being the sum of Breit-Wigners for the two
resonances. For the LS formalism, we choose the couplings to be Gˆ10(s) = 0, Gˆ
1
2(s) =
TK∗(s). The LS amplitude in the decay kinematics differs from the one in the scattering
kinematics because of the breakup momentum of B → ψK∗, calculated in the B rest frame
or in the K∗ rest frame, respectively. In Ref. [18] we also propose an alternative model.
We see in Fig. 2 that the Kpi invariant mass squared distribution is significantly distorted in
all models. This is important to extract the physical couplings, and may enhance the high
mass contributions of the higher spin K∗, thus affecting the extraction of the properties of
the Z(4430).
3. Conclusions
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Figure 3: Fit to the ψ′pi invariant mass, in the 1 GeV ≤ m(piK) ≤ 1.39 GeV slice, where the
signal of the Z(4430) is more prominent. The red curve includes the K∗ resonances with J ≤ 3,
whereas the blue curve includes the tails of the K∗4(2045) and the K
∗
5(2380). Data from [9].
The rich structure of the piK system affects the extraction of several exotic candidates, as
the Z(4200) in B → J/ψpiK [25], the Z(4050) and Z(4250) in B → χc1 piK [26, 27],
and in particular the Z(4430) in B → ψ′ piK we have discussed here [4–9]. As we show
in a temptative fit in Fig. 3, the inclusion of higher spin K∗ resonances can improve the
description of the ψ′pi invariant mass, even without adding an exotic state. Although this
may not be enough to challenge the existence of the Z(4430), this can dramatically affect
the estimate of the resonance parameters and of its quantum numbers. This also calls for
more refined analysis, which take into account unitarity in the isobar model [28–35], or
include the effect of higher spin resonances [36].
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Abstract
In my talk, I review the recent progress in understanding the three-particle quantization
condition, which can be used for the extraction of physical observables from the finite-volume
spectrum of the three-particle system, measured on the lattice. It is demonstrated that the finite-
volume energy levels allow for a transparent interpretation in terms of the three-body bound
states, as well as the three-particle and particle-dimer scattering states. The material, covered
by this talk, is mostly contained in the recent publications [1–3].
1. Introduction
The Lüscher approach [4] has become a standard tool for the analysis of lattice data in
the two-body scattering sector. It has been further generalized to study the scattering of
particles with arbitrary spin, the scattering in the moving frames, as well as the scattering
in coupled two-body channels. Moreover, in their seminal paper [5], Lellouch and Lüscher
have discussed the application of the finite-volume formalism to the calculation of the two-
body decay matrix elements. This approach has been also generalized to include multiple
decay channels and applied to study of various formfactors in the timelike region and matrix
elements with resonances (in the latter case, the analytic continuation in the complex plane
to the resonance pole has to be considered) [6–9].
The formulation of the finite-volume approach for the three-body problem (in analogy with
the Lüscher approach) has however proven to be a challenging task. Despite the significant
effort during the last few years [1–3, 10–20], the progress has been rather slow. Recently,
the tree-body quantization condition, which is a counterpart of the Lüscher equation in the
two-body case, has been derived in different settings [1, 2, 11, 12, 17] (it has been shown [3]
that all these different settings are essentially equivalent to each other, so in practice all boils
down to the choice of merely the most convenient one). On the basis of the quantization
condition, the finite-volume energy levels have been calculated in some simple cases. Such
studies are extremely interesting because, at this stage, one does not yet have enough insight
in the problem and lacks the intuition to predict the volume dependence of the three-body
spectrum, which would emerge in lattice simulations. Moreover, such studies may facilitate
the interpretation of this volume dependence in terms of the observable characteristics of the
three-particle systems in a finite volume, in analogy with the two-particle case where, e.g.,
the avoided level crossing in the spectrum is often related to a nearby narrow resonance.
The study of the three-particle (and, in general, many-particle) systems on the lattice is
interesting at least from two different perspectives. First, we would refer to the potential
applications in study of the nuclear physics problems in lattice QCD. Second, it would be
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interesting to study the systems, whose decay into the final states with three and more par-
ticles cannot be neglected. In the meson sector, the simplest example could be the decay
K → 3pi (a counterpart of the process K → 2pi, which was considered in the original paper
by Lellouch and Lüscher [5]), but physically more interesting processes like the decays of
a1(1260) or a1(1420) as well. In the baryon sector, the most obvious candidate is the Roper
resonance. In order to obtain an analog of the Lellouch-Lüscher formula for such systems,
however, one has first to understand the final-state interactions in a finite volume, and it is
where the study of the solutions of the three-body quantization condition might help.
In my talk, I shall briefly cover the formalism of Refs. [1, 2], which is based on the use of
the effective field theory in a finite volume, and will further discuss the solution of these
equations, which includes the projection of the quantization condition onto the different
irreducible representations (irreps) of the octahedral group [3]. It will be shown that these
solutions allow for a nice interpretation in terms of the three-particle bound states, as well as
three-particle and particle-dimer scattering states.
2. The Formalism
In Refs. [1,2], the three-particle quantization condition was obtained by using effective field
theory approach in a finite volume. Moreover, it has been shown that it is very convenient
to use the so-called particle-dimer picture. It should be stressed that this approach is not
an approximation, but an equivalent description of the three-particle interactions. This is
most easily seen in the path integral formalism, where the introduction of a dimer amounts
to using an additional dummy integration variable, without changing the value of the path
integral. Moreover, using the particle-dimer picture does not necessarily imply the existence
of a shallow bound state or a narrow resonance in the two-body sector.
Below we consider the case of three identical spinless bosons with the S-wave pair interac-
tions and use, for simplicity, the non-relativistic kinematics. In order to derive the quantiza-
tion condition, we consider the finite-volume Bethe-Salpeter equation for the particle-dimer
amplitudeML
ML(p,q;E) = Z(p,q;E) + 1
L3
Λ∑
k
Z(p,k;E) τL(k;E)ML(k,q;E) . (1)
Here, p and q are three-momenta of the incoming and outgoing spectators and E is the total
energy of three particles. All momenta are discretized, e.g., p = 2pin/L, n ∈ Z3 and,
similarly, for other momenta. Further, L is the spatial size of the cubic box and Λ denotes
the ultraviolet cutoff. The quantity τL corresponds to the two-body scattering amplitude (the
dimer propagator, in the particle-dimer language), and is given by
8piτ−1L (k;E) = k
∗ cot δ(k∗) + S(k, (k∗)2) ,
S(k, (k∗)2) = −4pi
L3
∑
l
1
k2 + kl + l2 −mE , (2)
where k∗ is the magnitude of the relative momentum of the pair in the rest frame,
k∗ =
√
3
4
k2 −mE . (3)
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In Eq. (2), unlike Eq. (1), the momentum sum is implicitly regularized by using dimen-
sional regularization and δ(k∗) is the S-wave phase shift in the two-particle subsystem. The
effective range expansion for this quantity reads
k∗ cot δ(k∗) = −1
a
+
1
2
r(k∗)2 +O((k∗)4) , (4)
where a, r are the two-body scattering length and the effective range, respectively. In the nu-
merical calculations, for illustrative purpose, we shall use a simplified model, assuming that
the effective range r and higher-order shape parameters are all equal to zero, corresponding
to the leading order of the effective field theory for short range-interactions. The equation (1)
is valid, however, beyond this approximation.
Finally, the quantity Z denotes the kernel of the Bethe-Salpeter equation. It contains the
one-particle exchange diagram, as well as the local term, corresponding to the particle-dimer
interaction (three-particle force). In general, the latter consists of a string of monomials in
the 3-momenta p and q. In the numerical calculations, we shall again restrict ourselves to
the model, where only the non-derivative coupling, which is described by a single constant
H0(Λ), is non-vanishing. The kernel then takes the form
Z(p,q;E) =
1
−mE + p2 + q2 + pq +
H0(Λ)
Λ2
. (5)
The dependence of H0(Λ) on the cutoff is such that the infinite-volume scattering ampli-
tude is cutoff-independent. In a finite volume, this ensures the cutoff-independence of the
spectrum.
At the next step, the three-particle Green function can be expressed in terms of the particle-
dimer scattering amplitude ML by using the LSZ formalism, and hence the poles of the
latter can be mapped onto the finite-volume energy spectrum of the three particle system.
It can be shown [3] that the poles arise at the energies, where the determinant of the linear
equation (1) vanishes. This finally gives the quantization condition we are looking for
det(τ−1L − Z) = 0 . (6)
The l.h.s. of the above equation defines a function of the total energy E, which, for a fixed
Λ and L, depends both on the two-body input (the scattering phase δ both above and below
the two-body threshold) as well as the three-body input (the non-derivative coupling H0(Λ),
higher-order couplings). The former input can be independently determined from the sim-
ulations in the two-particle sector and extrapolation below threshold. Hence, measuring the
three-particle energy levels, one will be able to fit the parameters of the three-body force.
Finally, using the same equations in the infinite volume with the parameters, determined on
the lattice, one is able to predict the physical observables in the infinite volume.
3. The Projection of the Quantization Condition
The three-body quantization condition, Eq. (6), determines the entire finite-volume spectrum
of the system. However, the eigenvalue problem in a cubic box has the octahedral symmetry,
which is a remnant of the rotational symmetry in the infinite volume. This means that all
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energy levels can be assigned to one of the ten irreps A±1 , A
±
2 , E
±, T±1 , T
±
2 of the octahedral
group G and the spectrum in each irrep can be measured separately with a proper choice of
the source/sink operators. It is possible to use this symmetry and to project the quantiza-
tion condition onto the different irreps – the obtained equations will determine the energy
spectrum in each irrep separately [3].
In order to do this, we shall act in a close analogy with the partial-wave expansion in the
infinite volume. A substitute for radial integration will be the sum over shells, defined as sets
of momenta with equal magnitude, which can be obtained from any vector (referred hereafter
as the reference vector), belonging to the same shell, by applying all transformations of the
octahedral group. Note that the vectors with the same magnitude, which are not connected by
a group transformation belong, by definition, to different shells. Furthermore, the integration
over the solid angle in the infinite volume is replaced by the sum over all G = 48 elements
of the octahedral group.
On the cubic lattice, the analog of the partial-wave expansion is given by
f(p) = f(gp0) =
∑
Γ
∑
ρσ
T Γσρ(g)f
Γ
ρσ(s) , Γ = A
±
1 , A
±
2 , E
±, T±1 , T
±
2 , (7)
where T Γσρ(g) are the matrices of the irreducible representations, p0 denotes the reference
momentum, and s is the shell to which both p and p0 belong. Nothing depends on the
choice of p0.
Using the orthogonality of the matrices of the irreducible representations, it is possible to
project out the quantity fΓρσ(s):∑
g∈G
(T Γλδ(g))
∗f(gp0) =
G
sΓ
fΓδλ(s) , (8)
where sΓ is the dimension of the irrep Γ, and the indices λ, δ, . . . run from 1 to sΓ.
Next, we note that both the kernel of the Bethe-Salpeter equation and the dimer propagator
are invariant with respect to the group G:
Z(gp, gq;E) = Z(p,q;E) , τL(gk;E) = τL(k;E) , for all g ∈ G . (9)
Using this property, it can be shown that the projection of the quantization condition onto
the irrep Γ takes the form
det
(
τL(s)
−1δrsδσρ − ϑ(s)
GL3
ZΓσρ(r, s)
)
= 0 , (10)
where ϑ(s) is the multiplicity of the shell s (the number of independent vectors in this shell),
and
ZΓλρ(r, s) =
∑
g∈G
(T Γρλ(g))
∗Z(gp0,k0) . (11)
Here, the reference vectors p0 and k0 belong to the shells r and s, respectively. In the next
section, we shall solve this equation and obtain the spectrum of both the bound and scattering
states.
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4. The Energy Spectrum
(a) The Choice of the Model
In order to gain insight into the volume-dependence of the three-particle spectrum, we
shall solve the equation (10) in the irrep Γ = A+1 in a simple model, described in
section 2. The parameters of the model are fixed as follows. First, we take m = a = 1.
This means that there exists a bound dimer with the binding energy B2 = 1ma2 =
1. Further, we fix the ultraviolet cutoff Λ = 225 – large enough so that all cutoff
artifacts can be safely neglected. The last remaining parameter H0(Λ) is fixed from the
requirement that there exists a three-body bound state with the binding energyB3 = 10.
This gives H0(Λ) = 0.192. Of course, for a different choice of Λ, one may adjust
H0(Λ), so that all low-energy spectrum remains the same.
(b) Bound States
Except of the already mentioned deeply bound three-body state with B3 = 10, the
model contains an extremely shallow bound state with B3 = 1.016 – just below the
particle-dimer threshold. Since the characteristic size of such system is much larger
than that of the dimer, it is conceivable that it should behave like a two-body bound
state of a particle and a dimer. For the deep bound state, two-particle and three-particle
bound-state scales are comparable in magnitude and hence one might expect a behavior
that interpolates between the extreme cases of a three-particle shallow bound state and
a particle-dimer bound state.
It is quite intriguing that the study of the finite-volume spectrum allows one to make a
choice among the above alternatives. It is, in particular, well known that the Lüscher
equation leads to the finite-volume correction ∝ exp(−∆L)/L to the infinite-volume
binding energy (here, ∆ is some mass scale determined by the kinematics). The func-
tional dependence of the three-body shallow bound state is different,
∝ exp(−∆L)/L3/2, see, e.g., Refs. [18]. So, the volume dependence of the binding
energy contains information about the nature of the three-body bound states.
Among the solutions of the quantization condition (10) one can readily identify the
levels that tend to the infinite-volume binding energies. It is seen that the volume-
dependence of the shallow bound state can be approximated by the function
∝ exp(−∆L)/L very well. For the deeper state, the situation is different and one needs
a linear combination of the above two functions to get a decent fit. All this of course
perfectly matches our expectations. More details can be found in Ref. [3].
(c) Scattering States
There are two types of the non-interacting energy levels, corresponding to the different
asymptotic states in the three-body problem. In particular, we have the particle-dimer
scattering states with different back-to-back momenta. The threshold for such states is
given by the dimer binding energy and lies at Eth = −1. In addition to this, we have
free 3-particle states with the threshold E0th = 0. Of course, in the interacting theory,
which we are considering, the energy levels are displaced from their “free” values,
but the displacement is relatively small almost everywhere. For this reason, one can
identify the levels of the interacting theory with the different free levels.
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Figure 1: The three lowest-lying states above threshold. The result obtained using Eq. (12) is
given by the black solid curve. The red dashed curve shows the free particle-dimer states with
back-to-back momenta (0, 0, 0), (0, 0, 1) and (1, 1, 0), whereas the blue dotted lines denote the
free three-particle states (the lowest level at E = 0 corresponds to the threshold, where all three
particles are at rest).
In Fig. 1, the volume-dependence of the three lowest scattering states, obtained from
the solution of Eq. (10), is shown. For comparison, in the same figure, we plot the free
particle-dimer and three-particle energy levels.
Last but not least, we plot the displaced ground-state energy of three particles which,
up to and including order L−5, is given by the formula (see, e.g., Refs. [13, 21])
E =
12pia
L3
− 12a
2
L4
I + 12a
3
piL5
(I2 + J ) +O(L−6) , (12)
where I ' −8.914 and J ' 16.532 are numerical constants. It is seen that, at this
accuracy, the energy shift from the unperturbed value E = 0 contains only the single
parameter a which is fixed from the beginning. Thus, Eq. (12) constitutes a prediction
that allows to identify the three-particle ground state.
The interpretation of the levels, shown in Fig. 1 is crystal clear. The lowest level is
a displaced particle-dimer ground state. Its relatively large displacement is caused by
the existence of a very shallow three-body bound state, which pushes all other particle-
dimer levels up. At small values of L, the next level is the displaced three-body ground
state. Around L ' 7, free particle-dimer and three-particle levels cross each other. This
fact leads to the avoided level crossing in the interacting spectrum, the second level goes
down to the particle-dimer threshold and the third level becomes the displaced ground-
state three-particle level. This pattern repeats itself each time, when we have a crossing
of two levels corresponding to the different asymptotic states. For more details, see
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Ref. [3].
5. Conclusions
i) We use the effective field theory approach in a finite volume to obtain the three-particle
quantization condition. The fit of the solutions of this equation to the three-particle
finite-volume spectrum determines the particle-dimer coupling constant(s), which can
be further used in the Bethe-Salpeter equation to reconstruct the infinite-volume scatter-
ing amplitudes in the three-particle sector. This is the essence of the approach proposed
in Refs. [1, 2].
ii) Using the octahedral symmetry of the problem in a cubic box, the quantization condi-
tion was projected onto the different irreps of this symmetry group.
iii) The equation was numerically solved in the A+1 irrep, both for the bound states and
scattering states. It was shown that a nice interpretation of the energy levels is possible
in terms of the different asymptotic states of the three-particle system. In particular, it
was shown that the avoided level crossing occurs at those values of L, when the free
levels, corresponding to these states, have the same energy.
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3.19 S-matrix Approach to Hadron Gas: a Brief Review
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Abstract
I briefly review how the S-matrix formalism can be applied to analyze a gas of interacting
hadrons.
1. Introduction
The S-matrix formulation of statistical mechanics by Dashen, Ma, and Bernstein [1] ex-
presses the grand canonical potential in terms of the scattering matrix elements. When ap-
plied to describe the system of interacting hadrons [2], the logarithm of the partition function
can be written as a sum of two pieces 1:
lnZ = lnZ0 + ∆ lnZ, (1)
where
lnZ0 = V ×
∑
i∈gs
di
∫
d3k
(2pi)3
e−β
√
k2+m2i (2)
is the grand potential for an uncorrelated gas of particles that do not decay under the strong
interaction (i.e., ground-state particles), such as pions, kaons, and nucleons. The interacting
part of the grand potential, ∆ lnZ, can be written in the form
∆ lnZ = V ×
∫
d
√
s
d3P
(2pi)3
e−β
√
P 2+s ρeff(
√
s), (3)
where
√
s is the invariant mass of the relevant scattering system. The quantity ρeff(
√
s)
can be understood as an effective level density due to the interaction. A key step of the S-
matrix approach to study thermodynamics is to identify such effective level density, in the
low density limit where only binary collisions are important, with
ρeff(
√
s)→ ρsmat(
√
s) =
∑
int
dIJ × d
d
√
s
(
1
pi
δIJ(
√
s)
)
. (4)
Here the sum is over all interaction channels, dg is the relevant degeneracy factor, and
δIJ(
√
s) is the scattering phase shift. Note that the standard Hadron Resonance Gas (HRG)
model [3] can also be expressed in this form, with the replacement
ρeff(
√
s)→ ρHRG(
√
s) =
∑
res
dIJ × d
d
√
s
(
θ(
√
s−mres)
)
, (5)
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Figure 1: piK scattering phase shifts for the S-wave (I = 1/2, 3/2) and the P-wave (I = 1/2),
with their contributions to thermodynamic pressure.
where the sum is now over all resonances, treated as point-like particles.
When used in conjunction with the empirical phase shifts from scattering experiments, the S-
matrix approach offers a model independent way to consistently incorporate both the attrac-
tive and repulsive forces between hadrons for the study of thermodynamics. Indeed, a very
detailed picture of hadronic interactions has emerged from the impressive volume of experi-
mental data [4], carefully analyzed by theory such as chiral perturbation theory [7, 8],lattice
QCD [9], effective hadron models [10] and the classic potential models [11, 12]. Conse-
quently we acquire very precise information on particle spectra, production mechanisms and
decay properties of typical hadrons and even the exotics [13]. The method presented here
is ideal for tapping into these resources in the field of hadron physics for the study of heavy
ion collisions [14] and thermal properties of hadronic medium.
In the following, we employ the approach to study some simple hadronic systems.
2. Thermal System of Pions and Kaons
In Figs. 1 and 2, we present results for the interaction contribution to the thermodynamic
pressure, computed within the S-matrix approach for piK and pipi scatterings respectively.
1For simplicity, we present the formulae for the case of vanishing chemical potentials and Boltzmann statistics. In
practical calculations, suitable fugacity factors and the correct quantum statistics have to be implemented.
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Figure 2: pipi scattering phase shifts for I = 0, 1, 2 and their contributions to thermodynamic
pressure.
Also shown are the corresponding results from the HRG model.
The key input here is the scattering phase shifts. Extensive experimental [15–21] and the-
oretical [22–25] efforts are devoted to study these quantities. An efficient way to com-
pute the effective level density in Eq. (4) is to perform a phenomenological fit to the phase
shift data [22, 26]. This offers some insights into the relative importance of resonant and
non-resonant contributions in an interaction channel. Nevertheless, more fundamental ap-
proaches such as chiral perturbation theory [23] and LQCD [24, 25] are in better position to
implement known theoretical constraints and predict phase shifts for channels that are not
yet measured.
Let us now discuss several key features of the results in Figs. 1 and 2.
(a) S-wave Channel
In the I = 1/2 (I = 0) channel of piK (pipi) scattering we observe a slowly rising phase
shift in the low-energy region. This portion of the phase shift can reflect the physical
properties of the unconfirmed κ- (confirmed σ-) meson. In particular, the phase shift
does not reach 180◦ before K∗(1430) (f0(980)) emerges. In the same energy range we
also observe a major cancellation effect from the I = 3/2 (I = 2) channel after the
multiplication of an appropriate degeneracy factor. The two effects combined severely
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suppress the overall pressure from these channels, down to the value of a free gas
of K∗(1430) (f0(980)). This underpins the proposed prescription that κ- (σ-) meson
should not be included in the HRG particle sum [26, 27].
(b) P-wave Channel
For the piK system, the S-matrix approach yields a similar result on the thermodynamic
pressure as the HRG model. The latter is based on a point-like treatment K∗(892). On
the other hand, the approach gives an enhanced effect from the two-body scattering
beyond the free gas result for the pipi system.
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Figure 3: The rapidity-integrated pT spectra of pions originated from the decay of K∗(892) and
ρ(770) resonances ( static source, T = 155 MeV ). The low-pT enhancement in the S-matrix
treatment is clearly visible in both cases. For details see Refs. [28, 29, 31].
It may appear that the point-particle treatment of the K∗(892) resonance is a good ap-
proximation. However, this conclusion depends strongly on the observable of interest.
For example, when the transverse momentum (pT ) distribution of the pions originating
from a resonance decay is studied [28,29], differences between the two approaches be-
come appreciable. This is shown in Fig. 3. The enhancement in the S-matrix approach
at the low-momentum region of the spectra originates from a non-resonant threshold
effect described in Ref. [28–31], which is commonly neglected in the standard HRG-
based thermal models. This effect may help to account for the excess of soft pions
(pT ≤ 0.3 GeV) observed in recent measurements of the LHC [32] over the predictions
by conventional fluid-dynamical calculations [28].
3. Baryon Sector
The S-matrix approach has also been applied to study the pion-nucleon system [33]. Using
the empirical phase shifts from the SAID PWA database [34], it is demonstrated that the nat-
ural implementation of the repulsive forces and the consistent treatment of broad resonances
can improve our understanding of fluctuation observables computed in lattice QCD, such as
the baryon electric charge correlation.
Lattice study of thermal QCD also indicates a larger interaction strength in the strange-
baryon channel than that predicted by the HRG model using only the list of confirmed res-
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onances [35]. A simple extension of the HRG model [36], which uses the lattice results
to guide the incorporation of some extra hyperon states, suggests that the “missing” states
required is roughly consistent with the trend of the observed but unconfirmed resonances (1
and 2 stars) in the PDG. The corresponding S-matrix based analysis is currently pursued. It
is clear that a detailed experimental knowledge of the hyperon spectrum is critical for this
task.
4. Summary
The S-matrix approach offers a consistent way to incorporate attractive and repulsive forces
between hadrons. Using the input of empirical phase shifts from hadron scattering experi-
ments, the important physics of resonance widths and the contribution from purely repulsive
channels are naturally included. Further research in extending the scheme [31] to include
inelastic effects and three-body scatterings [37–39] has begun.
The proposed new KL-beam facility can potentially strengthen our understanding of the
hadron spectroscopy, such as the investigation of the “missing" hyperon states. This is crucial
for a reliable thermal description of the hadronic medium within the S-matrix approach.
We expect interesting results when applying the approach to explore various phenomena of
heavy ion collisions.
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3.20 Measurement of Hadronic Cross Sections with the BaBar Detector
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Abstract
An overview of the measurements performed by BaBar of e+e− annihilation cross sections
in exclusive channels with kaons and pions in the final state is given. The Initial State Radia-
tion technique, which allows to perform cross section measurements in a continuous range of
energies, was employed.
1. Introduction
The BaBar experiment [1] at the SLAC National Accelerator Laboratory has performed,
over the last decade, a complete set of measurements of e+e− annihilation cross sections
of exclusive hadronic channels at low energies, exploiting the Initial State Radiation (ISR)
technique. The main purpose of this study is to provide the most precise and complete input
for the calculation of the muon anomalous magnetic moment aµ = (gµ−2)/2 and the running
electromagnetic constant αEW . However, also several important and useful indications on
the composition of the light and charmed meson spectrum could be obtained as by-products,
by the inspection of the trends of the cross sections and the composition of the intermediate
states of the studied reactions, as well as their decay branching fractions.
The knowledge of the total hadronic cross section is fundamental for the determination of the
hadronic vacuum polarization contribution, at leading order, to aµ [2]. It is well known that
a discrepancy at the level of 3.5σ exists between the value of the muon anomolous magnetic
moment expected from the Standard Model and what is experimentally observed, and the
hadronic term of the sum adding up to aµ is the one that bears the largest uncertainty. The
dominant contribution to this term is played by the hadronic cross sections below 2 GeV, that
until BaBar were measured mainly inclusively. Only recently measurements of exclusive
channels could be performed accurately enough. The goal of BaBar, almost completely
accomplished, was to provide measurements for all the exclusive channels below 2 GeV,
comparing them with previous inclusive measurements and pQCD predictions.
In the following a description of the measurements performed for all channels containing
kaons in final states composed by a total of three or four particles will be described.
2. The Initial State Radiation (ISR) Technique and Kaon Detection with BaBar
BaBar operated at the PEP-II machine at SLAC and had been taking data for about 10 years,
up to 2008, integrating a luminosity of about 500 fb−1 of e+e− annihilations taken at a few
fixed energies values corresponding mainly to the excitation of Υ(4S), with smallest samples
at the peaks of Υ(2S) and Υ(3S).
In spite of the fixed energy in the center of mass, resorting to the ISR technique it was
however possible to perform cross section measurements in a continuous range of energies,
potentially up to at least 8 GeV. Given a hadronic system f , the differential cross section of
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the process e+e− → γf in which a photon is radiated from the electron or positron before
their interaction can be related to that of the non-radiative process by means of the equation:
dσe+e−→γf (s,mf )
dmfd cos θ∗γ
=
2mf
s
W (s, x, θ∗γ)σe+e−→f (mf ) (1)
where
√
s is the e+e− center-of-mass energy,Eγ and θ∗γ are the energy and the center-of-mass
polar angle of the emitted ISR photon, and x = 2Eγ/
√
s. W (s, x, θ∗γ) is a QED radiation
function known with an accuracy better than 0.5%. Therefore, the measurement of reactions
in which an additional photon, of variable energy, is detected together the hadronic system
may allow to infer the non radiative cross-section in a continuous range of energies. The ISR
photon is generally emitted along the e+e− collision axis, and the hadronic system is mainly
produced back-to-back with respect to it. Due to the limited detector acceptance, the mass
region below 2 GeV can only be studied if the ISR photon is detected: to perform exclusive
cross section measurements the events are required to feature a photon with a center-of-mass
energy larger than 3 GeV, and a fully reconstructed and identified recoiling hadronic system.
In order for the latter to be fully contained in the detector fiducial volume, the ISR photon
must be emitted at large angles.
Among the main advantages of the large-angle ISR method over conventional e+e− mea-
surements one can count on a weak dependence of the detection efficiency on the dynamics
of the hadronic system and on its invariant mass; therefore, measurements in wide energy
ranges can be performed applying the same selection criteria. The exclusivity of the final
states moreover allows the application of stringent kinematic fits, which can largely improve
the mass resolution and provide effective background suppression.
The identification of charged kaons in BaBar was performed through standard techniques
based on specific energy loss, time of flight and Cerenkov radiation, combined to provide a
likelihood value for each particle identification hypothesis. The identification efficiency of
charged kaons was as large as 89%, with a Kpi misidentification rate not larger than 2%.
Neutral K0S’s were identified through their pi
+pi− decay reconstucting a displaced vertex
formed by two oppositely charged tracks, while neutral K0L’s were identified following their
nuclear interaction with the material of the electromagnetic calorimeter, which produced
an energy cluster with a shape not consistent with that typical of a photon. The minimum
required energy deposition per cluster was typically 200 MeV. The K0L detection efficiency
was measured through the e+e− → φγ events, selected without the detection of the K0L [3].
By means of charged and neutral kaon identification the measurement of cross sections of
basically all exclusive channels with kaons and pions (except those with two K0L’s) could be
performed:; in this way the use of isospin relationships to assess the value of the total cross
section could be avoided.
The measurement of cross sections in a given channel proceeds from counting of the num-
ber of events in intervals of total center-of-mass energy, after proper background subtrac-
tion (usually based on Monte Carlo simulations, normalized to the existing data in rate and
shape); the number of events is then normalized to the detection efficiency, and to the inte-
grated luminosity in the selected energy range.
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3. Three Particles Final States: KKpi
(a) Measurement of e+e− → K0SK±K∓ Cross Section
The purpose of this analysis was to look for possible signatures of the Y (4260) state [3].
As can be seen by the trend of the cross section reported in Fig. 1(a) a clean signal due
to the J/ψ can be observed but, as shown in the inset, just an excess of events is present
at about 4.2 GeV, with a significance of 3.5σ only. This prevents to assess the existence
of any new state, but just allows to quote an upper limit, at 90% C.L., for the elec-
tronic width of the possible resonance times its branching ratio in the studied channel:
U.L.(Γ
Y (4260)
ee BY (4260)K0SK±pi∓) = 0.5 eV. The cross section reaches a maximum of about 4 nb
at ∼1.7 GeV, indicating a dominant contribution from the φ(1680) intermediate state
decaying in K∗K.
Figure 1: a) The e+e− → K0SK±pi∓ cross section measured by BaBar. b) Dalitz plot of the
e+e− → K0SK±K∓ reaction: squared invariant masses of the (K0Spi±) versus the (K±pi∓) systems.
From the inspection of the Dalitz plot shown in Fig. 1(b), which is fairly asymmetric, it
is evident that the main contribution to the intermediate state is given by K∗(892)±K∓
and K∗(892)0K0S and, at masses above 2 GeV, by K
∗
2(1430)
±K∓ and K∗2(1430)
0K0S .
A Dalitz plot analysis was performed [3] to extract the isovector and isoscalar contri-
butions to the cross section: interference effects model differently the production of
charged and neutral K∗, which is mirrored in the asymmetry of the Dalitz plot. The
dominant component was found to be the isoscalar one, with a clear resonant behavior
to be identified with the mentioned φ(1680), while a broad contribution of marginal
importance, that could be identified as the ρ(1450), emerged from the fit.
(b) Measurement of e+e− → K+K−pi0 Cross Section
As the previous analysis, also in this case the main target was the possible identification
of the Y(4260) state [3]. The trend of the measured cross section, reported in Fig. 2(a),
shows even less evidence than in the previous case for the existence of an event excess,
and again only un upper limit could be quoted for the decay branching ratio to this
channel times the electronic width of the tentative signal, 0.6 eV at 90% C.L. A clear
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Figure 2: a) The e+e− → K+K−pi0 cross section measured by BaBar. b) Dalitz plot of the
e+e− → K+K−pi0 reaction: squared invariant masses of the (K−pi0) versus the (K+pi0) systems.
indication for J/ψ production emerges from the cross section, whose maximum, ∼
1 nb, is reached at about 1.7 GeV.
The reaction Daliz plot, shown in Fig. 2, differently from the previous analysis is sym-
metric and features a dominant production of the final state through K∗(892)±K∓ and
K∗2(1430)
±K∓. Selecting the K+K− invariant mass system in the φ(1020) mass win-
dow, the φpi0 system could be studied: even if the available statistics was limited, as can
be seen by the green points in Fig. 3, some indications for the existence of stuctures like
ρ(1700)/ρ(1900), observed as a dip, and a possible enhancement at about 1480 MeV
(a possible hint for the long-sought isospin 1 C(1480)? [4]) are present.
Figure 3: (φpi0) cross section for events selected from the e+e− → K+K−pi0 reaction (green
points) and from the e+e− → K0SK0Lpi0 reaction (black points).
(c) Measurement of e+e− → K0SK0Lpi0 Cross Section
Fig. 4 shows the trend of the e+e− → K0SK0Lpi0 cross section for this channel [5],
whose maximum is about 3 nb corresponding to the excitation energy of the φ(1680).
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The systematic uncertainty of the measurement is 10% at the peak, and increases up to
30% at 3 GeV. For the first time a clear signal of J/ψ is observed in theK0SK
0
Lpi
0 decay
channel. The dominant intermediate state is K∗(892)0K0, which almost saturates the
channel intensity: a clear signal is obtained for K∗(892)0 for the combinations with
bothK0S andK
0
L. Some hints for the production of theK
∗
2(1430)
0K0 are also observed.
Figure 4: The e+e− → K0SK0Lpi0 cross section measured by BaBar.
The invariant mass of the φ(1020)pi0 system, with the φ(1020) selected through its
K0SK
0
L decay, is shown by the black points in Fig. 3: even in this case some hints for a
resonant activity at about 1.6 GeV can be observed, which could be a signature for an
isospin 1 exotic structure.
4. Four Particles Final States
(a) Measurement of e+e− → K0SK0Lpi+pi− sross section
In the e+e− → K0SK0Lpi+pi− channel the contribution of the background, coming both
from ISR and non-ISR multihadronic events, is rather sizeable. Also the systematic
uncertainty of the cross section, shown in Fig. 5(a), is larger, rising from about 10% at
the peak, about 1 nb at ∼2 GeV, to 30% at 2.5–3 GeV, and up to 100% for energies in
the center of mass larger than 3.4 GeV [6]. A clean signal of J/ψ can be observed.
From the reaction scatter plot, shown in Fig. 5(b), clear bands of K∗(892)± can be
observed with a weak indication for K∗2(1430)
±. A strong correlated production of
K∗(892)+K∗(892)− and K∗(892)±K∗2(1430)
∓ appears.
(b) Measurement of e+e− → K0SK0Spi+pi− Cross Section
The cross section for the e+e− → K0SK0Spi+pi− reaction features a maximum of about
0.5 nb, affected by a 5% error, at about 2 GeV [6] (see Fig. 6(a)). From the inspection
of the scatter plot shown in Fig. 6(b) one can note a clear correlated production of
K∗(892), dominant below 2.5 GeV, and a mild indication for K∗2(1430)
±. There is
basically no correlated production of K∗(892)±K∗2(1430)
∓, and just a small strenght
for the K∗2(1430)
±KSpi∓ intermediate state can be observed.
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Figure 5: a) The e+e− → K0SK0Lpi+pi− cross section measured by BaBar. b) Scatter plot of the
e+e− → K0SK0Lpi+pi− reaction: invariant masses of the (K0Lpi∓) versus the (K0Spi+) systems.
Figure 6: a) The e+e− → K0SK0Spi+pi− cross section measured by BaBar. b) Scatter plot of the
e+e− → K0SK0Spi+pi− reaction: invariant masses of the (K0Spi−) versus the (K0Spi∓) systems.
(c) Measurement of e+e− → K+K−pi+pi− Cross Section
The cross section for this channel was measured several years ago by the DM1 Ex-
periment [7], up to an energy of about 2.5 GeV: the comparison with the most recent
measurements by BaBar [8], reported in Fig. 7(a), show that the early results, repre-
sented by the red open points, were most probably overestimated and affected by a
sizeable systematic error. In the present case, the systematic uncertainty was evaluated
as about 20% below 1.6 GeV, lowering to as little as 2% in the region around 2 GeV
to rise again up to about 10% above 3 GeV. Narrow peaks from the formation of char-
monium (J/ψ and ψ(2S)) and possibly other structures which may be produced upon
the opening of reaction thresholds are visible in the cross section, whose maximum is
∼4 nb at about 2 GeV.
The scatter plots of the invariant masses of particles’ pairs are displayed in Fig. 7(b)
and c): they show the presence of plenty of intermediate states, with clear signa-
tures from K∗(892)0 and K∗2(1430)
0, and the evidence, seen as horizontal bands in
Fig. 7(c), of contributions from the K1(1270) and K1(1400) axial excitations decay-
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Figure 7: a) The e+e− → K+K−pi+pi− cross section measured by BaBar and DM1 (red open
points [7]). b)-c) Scatter plots of the e+e− → K+K−pi+pi− reaction: b) invariant masses of
the (K−pi+) versus the (K+pi−) systems, c) invariant masses of the (K∗pi∓) versus the (K∗K±)
systems.
Figure 8: a) The e+e− → K+K−pi0pi0 cross section measured by BaBar. b) Scatter plot of the
e+e− → K+K−pi0pi0 reaction: invariant masses of the (K−pi0) versus the (K+pi0) systems.
ing in K∗(892)0pi±. The (pi+pi−) invariant mass spectrum (not shown) displays a clear
enhancement corresponding to the ρ(770) signal, which can be an evidence for the pos-
sible decay of the two axial mesons in Kρ. No other signal is observed in the (pi+pi−)
system.
(d) Measurement of e+e− → K+K−pi0pi0 Cross Section
The cross section for the e+e− → K+K−pi0pi0 reaction is shown in Fig. 8: it does
not exceed 1 nb and the maximum is located around 2 GeV [8]. A clear charmonium
signal is present. The systematic uncertainty of the cross section is about 7% at low
energies, rising to 18% above 3 GeV. The dominant contribution to the intermediate
states is played by K∗(892).
The corresponding scatter plot of the invariant masses of the (K−pi0) versus the (K+pi0)
systems is shown in Fig. 8(b), and displays a clear correlated production of K∗(892)
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Figure 9: The e+e− → K0SK0Lpi0pi0 cross section measured by BaBar.
pairs as well as K∗(892)+K∗2(1430)
−; however, no evidence of resonant production in
the three particles systems (K+K−pi0) or (K±pi0pi0) can be observed.
(e) Measurement of e+e− → K0SK0Lpi0pi0 Cross Section
The e+e− → K0SK0Lpi0pi0 cross section was found to be relatively small, reaching at
most 0.6 nb at its maximum at ∼ 1.7 GeV, with a systematic uncertainty of about 25%
at the peak, increasing to 60% above 2 GeV. For the first time the J/φ was observed in
this decay channel [9]. The cross section is shown in Fig. 9.
While the dominant contribution to the intermediate states is played, as usual, by
K∗(892), there is no significant contribution to this channel of the correlated produc-
tion of two K∗’s.
(f) Measurement of e+e− → K0SK±pi∓pi0 Cross Section
The K0SK
±pi∓pi0 channel features a rich intermediate state composition [10]. Apart
from the clean J/ψ signal, whose strength exceeds the maximum of the cross section
(about 2 nb, measured with a systematic uncertainty of ∼ 7% below 3 GeV), as shown
in Fig. 10(a), several intermediate states can be observed from the inspection of the
scatter plots reported in Fig. 10(b).
The dominant ones are K∗(892)Kpi and K0SK
±ρ∓. This last channel is partly fed
by the decay of the axial excitations K1(1270), K1(1400) and K1(1650). The corre-
lated K∗K production is relatively small (less than 15%), and almost saturated by the
K∗+K∗− charged mode.
5. Summary and Conclusions
The total cross sections for e+e− annihilation in KKpi and KK2pi, thanks to the new BaBar
measurements described above, can now be evaluated basically without any model assump-
tions, nor resorting to isospin symmetry relationships [11]. In the comparison of all the
exclusive hadronic cross section measured by BaBar, the dominant contribution is played by
full pionic channels: in particular between 1 and 2 GeV the four pion production dominates,
while above 2 GeV the six pion production gives the largest contribution.
Adding up all channels with kaons and a total of three particles in the final state, the cross
section amounts to about 12% of the total hadronic cross section, at the maximum located at
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Figure 10: a) The e+e− → K0SK±pi∓pi0 cross section measured by BaBar. b)-c) Scatter plots of
the e+e− → K0SK±pi∓pi0 reaction: b) invariant masses of the (K0Spi0) versus the (Kpi) systems, c)
invariant masses of the (Kpi0) versus the (K0Spi) systems.
about 1.6–1.7 GeV.
Concerning the four particle final state, the largest contribution is played by theK+K−pi+pi−
and K0SK
+pi−pi0 channels; the total cross section at 2 GeV is about 1/4 of the total hadronic
cross section.
The precise knowledge of the hadronic cross sections, for which BaBar contributed providing
an unprecedented bulk of new results in more than 20 channels (including those with pions
only and η’s not described in this paper), could improve the accuracy of new evaluations of
the ahad,LOµ term of the muon anomalous magnetic moment by 21% as compared to previous
assessments [12].
Moreover, the program of ISR measurements with BaBar could provide new interesting
information about hadronization at low energies and the properties of the light meson spec-
trum.
New more precise results are awaited soon from the application of this technique at the new
generation of charm and B-Factories.
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